2 Complex Numbers

A complex number is of the form z = a + ib, where a, b eR. Y
a=Re(z),b=1Im (z) and > = -
A complex number is denoted by (a, b) and it

can be geometrically represented in R x R. This

representation is called Argand diagram.

M

X-axis is called real axis and Y-axis is called
imaginary axis.

The set of complex numbers is denoted by C.

The modulus of a complex number z = a + ib is |z| = \Ja>+b> .

Figure 2.1

Polar (Trigonometric) form of a complex number z = a + ib is

z = r(cos O +isin0)=re® where r = o2+p> = Iz|; €®= cos 0 + i sin O is the Euler form.
If 0 e(—m, w], then O is called the argument of z and it is denoted by arg(z). Conjugate of
z=a+ibis Z =aqa — ib.

If z=r (cos © + i sin ) = re® is the polar form, then z = r (cos 6 — i sin ) = re .

|z] =|z| ® arg(z,z,) =arg(z) +arg(z,)
- - z
z+ z =2Re (2),z— z=2iIm (2) e arg [é) =arg (z,) — arg (z,)
arg(z) = —arg (2) ® arg (é] =2argz
z
z7 = |z ® arg (") =narg(z)
atsn —at oo ® [z, tz|<|z]+ Iz
71 2o :Z_lg ® ‘21722|2| ‘Z]|7|ZQ||
3) 3
o :, z,#0 ) |Z1 22| = \Zl| |22|
o] lal
| IZZI} 22¢0
If z=re® then z" = 1" e n eQ (De'Movre's theorem)

Cube roots of unity :

—1+\/§i’ P Al

I, =
2 2

are the cube roots of unity.
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o 1+W+w=0,0=1.

In Argand diagram, the cube roots of unity are the vertices of an equilateral triangle.

Fourth roots of unity :

1, i, —1, —i are the fourth roots of unity.

1
= 2kn+0 ) . . (2kmw+0
® The nth roots of z=a + ib =r (cos © + i sin 6) are r" [COS( - ]Hﬂn[ - ﬂ

where k=0, 1, 2,..., n -1

® |z —z,| = rrepresents a circle. z; is the centre and r is the radius of the circle.

® If b? — 4ac < 0, for the quadratic equation ax?> + bx + ¢ = 0, where, a, b, ¢ €R, a # 0, then the

y 2
_ph+ _
roots are —2ETivdac—b”

2a

o [z xzf=[zP+[z£2Re(z,.2,)

If z=x + iy, then

argz=

Y
fan =\ |, x>0,y=20

Yy
tan Tn x<0,y=20

2
fan -\ = |-, x<0,y<0
%, x=0,y>0
T
-5 x=0,y<0

If x =0 and y = 0, then arg z is not defined.

If z,, z, are two fixed points in the Argand plane, then

|z —z,| = |z —z,| = Distances of z from z, and z, are equal.

1

|z—z,| + |z—2z,]| = |z, —z,] = Locus of z is the line segment joining z, and z,.

)l
|z —z,| + |z —z,| = constant (z, # z,) (> |z, — z,]) = Locus of z is an ellipse.

llz —z,| -z -2z = |z, - z,| = Locus of z is a straight line joining z, and z, but z

]| 2|| 1

does not lie between z, and z,.
||z —z,| = |z = z,|| = constant (z, # z,) (< |z, — z,]) = Locus of z is a hyperbola.

lz —z|* = |z — z,* = |z, — z,|* = Locus of z is a circle with z, and z, as the

extremities of a diameter.

|z—z,| =k |z—z,), (k#1)= Locus of z is a circle.

-z . .
arg [ 1 j = constant = Locus of z is a segment of a circle.
i—2y

and z, as the vertices of a

-z . . .
arg ( ! J = i% = Locus of z is a circle with z,

i—2n

diameter.
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(D

Sol. :

@

, and z,.

° arg [5_? ] =0 or T = Locus of z is a straight line passing through z
—22

[2
) If Z+% = a, then the maximum and minimum values of |z| are % and

—a+va’+4 )

2 Alz)
If z,,z,, z, are the vertices of AABC in the
anticlockwise direction, then
AB = |z, = |z; — 2] and
BC = |Z3 - Zz‘ = ‘(23 - Zl) - (Zz - Zl)|

. 73 —2 zz3—z1| _ AC
Also if arg | =—— | = ot and =—, B(z,) _ Cz,)

g[zz—aJ -yl AB ? |25~ 2]

3 =1 .

then —- = A€ (cos oL + i sin o). Figure 2.2

n 2 — 7 " AB

If z,z,, z, form an equilateral triangle, then z >+ z >+ z2 = z,z, + z,z, + z.z,.
: Multiple Choice Questions :

If the biquadratic equation x* + ax® + bx?> + cx + d = 0 (a, b, ¢, d € R) has no real roots and

the sum of two of its roots is 3 + 4/ and the product of the other two roots is 13 + 7, then

(A) 30 (B) 6 (€) 51 D) 15
Given equation is x* + ax® + bx> + ex + d = 0. (N
Roots are o0 + B, ¥ + id

". Given equation is

(x = (o +iB)) (x = (o = i) (x = (Y +18)) (x — (Y- i8)) = 0

(2 200 o2 + B (-2 P+ D) =0 ()
We have to find the value of b. By comparing equation (1) and (2), the coefficient of x?is b.
bh=o2+ B tdoy+y + & (3)

Alsoglven ot+iB+y+id=3+4i
Lot y+tiB+o)=3+4i
~oaty=3andB+6=4

Lo+ Y+ 20y=9 )

and B? + & +2B5=16
s BP+82=16-2pBd (5)
Substitute the values from the equations (4) and (5) in equation (3),
b=9+20y+ 16 —2Bd (6)
Also, (0—if}) (y-i0) =13 +i So, (oy—PO) —i(ad+Py) =13 +i
ay—Bo=
From equation (6), b =25 +2 (13) =51 Ans. : (C)
z, and z, are distinct complex numbers and |z | = |z,|. If the real part of z, is a positive number
and imaginary part of z, is a negative number, then 1722 iS e . [ZIJF—ZZ;ﬁ 0]

1—2 1 =42

(A) purely imaginary (B) real and positive (C) real and negative (D) zero
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Sol. :

©)

Sol. :

@)

Sol. :

®)

Let z, =a +ib and z, = ¢ — id, where a>0,d> 0
z| =z =2+ 2=+ d (1)

a4+ (a+ib)+(c—id)  [(a+o)+i(b-d)]
Wi s—z  (a+ib)—(c—id) _ [(a—c)+i(b+d)]

No

[(a+c)+i(b—d)|[(a—c)-i(b+d)]
" [a=c)+itb+d)|[(a—c)—i(b+d)]

(@ +b*)=(c* +d*)=2i(ad +bc)
T a*+c*—2ac+b? +d* +2bd

—(ad +bc)i .

" @®+b* —ac+bd (Using (1))
9tz . . .
LTz, sa purely imaginary number. Ans. : (A)
If|z) = 1and 22+ 1 #0, then —&— — —&——= .
2n 2n
o+l z) +1

(A)3 (B)0 ©)i (D) 1
Let z = cosO + i sin®

7" -no cosn®+isinn0 cosn@—isinn6

. — — —
22" 41 (z) +1 1+cos2n0+isin2n0 1+cos2n0—isin2n6

_ cosnO+isinn® B cosnO—isinn®
2cosnB(cosnB+isinn0) 2cosnO(cosnO—isinn0)
_ 1 _ 1 — .
"~ 2cosn® 2cosn® 0 Ans. : (B)

Another method : |z| = 1 = zZ7 =1

Zn Z—n B Zn Z—n B Zn Z Z B Zn Zn B 0

_ = _ = _ — = _ -
| (Z)Z”H 22" 41 (l)zn +1 22" 41 L+ 27" 24 241

lz-11+4
The locus of the complex numbers satistying the inequality log [m) > 1
2

(where |z —1| # 32) is ......

(A) acircle (B) interior of a circle (C) exterior of a circle (D) aline
lz-11+4 1
lo —_ _ log (—)
2 (3|z—1|—2)>1 1\2
|z-11+4 | . ' .
B TS TE N ) (For a < 1, log, x is a decreasing function)

S2z—1+8<3z—-1]-=2
o |z — 1] > 10 which represents the exterior of a circle. Ans. : (O)
If o and B are the roots of x*> — 2x + 2 =0, then o” +" = ......

n

g LN
(A) 22 cos L (B) 22" cos 2R (C) 27 cos 2R (D)0
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Sol. : x2—2x+2=0

SLeta=1+4 B=1-4

o + B = (1 iy + (1 iy
_ T, ... T " T ... T "
= |:\/§(COSZ+ZSH’12):| +|:\/§(COSZ—ZSH’12):|

n

L n o
22[cos(nTn)ﬂ'sin(n—n)+cos(n7f)—isin(n—n)} = 22~2cos(%) = 22+ cos(nTn)

4 4
Ans. : (B)
36 ] 2
6)  Ifx2—x+B3 +1=0, then Z[X"‘TJ =
n=l1 X
(A)0 (B)-72 (C) 72 (D) 36
Sol. : x> —x3 +1=0
VB +3-4_ 3xi
* = 2 2
. _AB i _ K, .. X
oo Letx = > + 5 So, x = cos 6+lsm 3
.2 — nw oo, I 2n _ nw .o a, I
ooX cos -+ i sin == and x?"=cos - i sin =
2
" (xn —Lj =xn+L 0 =xix?m_2 = 2cos B -2
x" w2 3
36 2 36
NOW, Z(Xn —Lnj = 2(—2+2COS%)
n=l X n=1
_ i 2n 36n
=_2 x 36+ 2[cos 3-i—cos 3 +...+cos 3 }
R, 35m) | 361
{m(, %) i ( Mﬂ
=_72+2 —
Slng
. np
sin— B
cosa+cos(a+f)+....upto n terms = 2 cos[aﬁ%)
sinﬁ
2
=-72+0
=-72 Ans. : (B)
@) If @ and b are the roots of x*> + x + 1 = 0, then the equation whose roots are a'® and b7 is = ......
A)x>—x+1=0 B)x*—x—-1=0 O)x*+x-1=0 D) x*+x+1=0
Sol. : a and b are the roots of x> + x + 1 = 0. So, a = ® and b = W, where ® = —1+2\/§i
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®)

Sol. :

(©)

Sol. :

Now, a'? = w?=w® w=w, b’ = (w?)’=w!* =n?

and required equation is x> — (w + w2)x +w -w? =0

ie.x?+x+1=0 wH+wr=—1,ww=w=1) Ans. : (D)
When f(z) is divided by z — i, the remainder is 7 and if f{z) is divided by z + i, the remainder is
1 + i. If fiz) is divided by z*> + 1, then the remainder is ......

(A) 3 (iz+ 1) (B) 5 (iz + 1 +2i) (C)iz+1+i (D) 0
The remainder obtained while dividing f(z) by z — i is i.
s ) =0 (1
Similarly, A—) =1 + i, 2)
z2 + 1 is a quadratic polynomial. When f{z) is divided by z? + 1, we get remainder of the
form az + b (a, b e C)
Let Aiz)=g(z) Z+1)+az+b 3)
LA =gi)y (P+ 1) +ai+b
i=ai+b 4
and fl-i) = g(—i) (=)* + 1)+ a(-i) + b

l+i=—ai+b (5)
Solving (4) and (5), we get b = %Jr i,a= é
.. The required remainder is az + b = % iz + % + 0= % (iz + 1 + 2i) Ans. : (B)

i2n

Fora=eB Ja=a+d+a*+a*+a*+a' and = a?+a+a®+a®+a>+ a?are the roots
of the quadratic equation, ...... .

(A)x*-x-3=0 B)x*—x+2=0 C)xX*+x+3=0 D) x*+x-3=0

The sum of the roots,

o+ B

(@+d+d+at+a3+a)+ (@+a+d+at+tad+a?)
— (a+a3+a4+a9+a10+a12) + (a2+a5+a6+a7+a8+all) (al3 — l)

= a+d+d+..+a"?

a(l-a'?)  a(-da")  a(-a) _

= - — _ 13 =
l-a l-a lI-a I (a D
The product of the roots,
aff = (@td+atattaital) (@+ratatattaita?)

= (a+ P+ A+ P+ a0+ a?) (P +d+d+d+ B+ a)

= d(l+ad+d+a¥+d+ad) (1 +a+at+a+a®+ )

= PN+P+2 (P+d+d+d+a®+ a5 +d7) + a*+ 3 @+ +a" +a +a¥) +
(@ + a® + a'® + )]

= 3(a+a*+a+..+a?) =3(-1)=-3

. The required quadratic equation is x> — (—1)x =3 =10

+x-3=0 Ans. : (D)
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(10)

Sol. :

(11)

Sol. :

(12)

Sol. :

(13)

—iz
If :| =1, then ......
(A) z is pure imaginary (B) z is pure real.
(C) P(2) lies in the second quadrant (D) P(2) lies in the third quadrant

Letz =x + iy,

1 —iz]*= |z — i

S =i + )P = |x oy — i
Sl —ix + yPP=|x + iy 1)
S+ =x2+ (v 1)
sy=0

. z is purely real. Ans.

If z # 0, upper bound of |Z/| is ...... .

(A) 2] B)1 ©e™ (D) e”
Let z = re® -t<0<7m.

9

S .
s =pe = o

= (cos (log r) + i sin (log r)) e ®

sl = e < em -r<0<m, n<-0<7m
.. |Z'| has the upper bound e™. Ans. :
If z is a complex number and |z| > 2, then the minimum value of Z+%|
.. . 5 . 3 5 .5
(A) liesin (1, 2) (B) is greater than = (C) lies between 5 and 5 (D) is 5

Method 1 :

Geometrically, |z| =2 is a circle with centre (0, 0) and radius 2.
According to the figure 2.3, |z| = 2 consists of points on the

circle and exterior region of the circle.
_ _L)
< ( 2

distance between this point and (-2, 0) is %

z +%| = . So, (—%,0) lies inside the circle. Minimum

Method 2 :

(3] = 4] = - 4

Minimum value |z| for |z| 22 is |z| = 2.

[a—

4= =
)

1 — [r_1
Z+? min |2 2

How many complex numbers satisfy the equation z =22 ?
(A1 (B)2 ©3 (D)4

3 .
> Ans. :

*(B)

(D)
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Sol. : Letz=x+iy
Now z= 22

Lx—iy =2y +i(2xp)

Snx=x>—)?and = 2xy

From the second equation, we get y =0 or x = -%

Ify=0,x=x>—)gives x = x°

sox=0orx=1

nz=0o0rz=1

Now Ifx=_?1,‘[henx=x27y2 gives_—1 Z%—yz. So,yZig

2
_ =L, B S )
Hence z 24-70rz 3"
There are four complex numbers satisfying the given condition. Ans. : (D)

(14)  If z?® — |o>z = z — o for distinct non-zero complex numbers z and ®, then ......
(A)z=-0 B) =5 ©)z5 =1 D) zo =1
Sol. : By rearranging the terms of z]>® — |®]*z = z — o,

1+|z|2
o 1ol )

", é is a purely real number. Let i =k where k eR

ko 1+k2|w|2
L= 1+le2 (from (1))
“k+ Ko =1+ |of
k-1 =kloPk-1)
“(Ko)? -1) (k-1)=0
“k=1lork= %
o
. £ = 1 or < = ; = L
) ® le2 O]
zpd =1 (z#w, ®#0) Ans. @ (O)
(15 If Z—%| = 2, then the difference between the maximum and the minimum values of |z] is ...... .
(z#0)
(Al (B)2 ©3 (D) 4
Sol. Z—i| > |Z|_i
z E
|5l < z—i|
< z
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.o

|Z|—ﬁ <2

4

-2S|z\—H <2

slzP 42zl —4=0and 22— 2z -4<0
(Izl+1? > 5 and (jz]-1)* < 5

lzl+1|>+/5 and |lzl-1|<+/5. But|lz|+1]=|z| + 1
IzI+12\/§ and -Jgg \z|—15J§

solzl 245 -1 and 1-4/5 <|z]< |f5 +1
Js-1<iz < J5+1

. The maximum value of |z| — the minimum value of |z| = (/5 +1)- ({5-1)=2

. The difference between the maximum and the minimum values of |z| is 2.

(16)  If z is a non-real complex number lying on the circle |z| = 1, then z =

arg z

. arg z
1—itan g

1+itan

1-itan(arg z)

2

W 1+im”[arf Z ] " l—ita”(arg Z j ) T (argz)

Sol. : |z] =1.S0,z=cosa+isino So, arg (z) =«
1-tan* 2 2tan
v Z= +1 <
1+tan2% 1+tan2%

(l—tan2 %)ﬂ' 2tan%

2 o
1+ —_
tan >

2
tan tan
(1+ltan 2) B 1+itan >

(1+itan%)(l—itan%) - l—itan%

1+imn(ar‘2g Z)

l—itan(argz)
(17)  cosy siny + cos*y sin 2y + cos’y sin3y + ... n terms =
(A) tany (1 —sin"y sin ny)

(C) cot y (1 —sin"y sinny)
Sol. : Letcosy=a

Let S=asiny+ a*sin2y + @ sin 3y + ... n terms
Let C=a cos y + a® cos 2y + a® cos 3y + ... n terms

s CHIS =ae? + e + @ e™ + ... n terms

ae? [1-a" "]

1-ae”

(B) tan y (1 — cos"y cosny)
(D) cot y (1 —cos"y cosny)

Ans.

1+itan(arg z)
1-itan (argz)

Ans. :

*(B)

(B)
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ae” [1—a" ™ [1—ae ™

l—a(e” +e ™ y+a’ e e

(ae” —a*)[1-a" ™

1—a(2cosy)+a2

[1 —cos" y(cosny+isin ny]

s C+S = [cosy (cosy + i sin y) — cos*y] - |20’y tcosty
(a = cos y, and €% = cosO + i sin0)
= w [1 = cos"ycosny — i cos” ysinny]
sin”y
S = imaginary part of the expression.
=cot y (1 — cos™ cosny) Ans. : (D)

(18)  The sum of the imaginary parts of the complex numbers satisfying both the conditions z:;ﬂ = %

and z;_g =1is.... .

(A)25 (B) 28 (©) 32 (D) 35

Sol. : It is obvious that, the first equation represents a circle and the second equation represents
the perpendicular bisector of the line segment joining the points (4, 0) and (8, 0).

*. z is in the form 6 + yi.

z—12

z—38i

3
3

_O+yi |5
6+(y-8)i| — 3

20 9(6%+)%) =256+ (v - 8)?)
s 1632 —400y +2176 =0
Y2 —=25y+136=0
wy=8ory=17
wz=06+8i or 6+ 17i
*. The sum of the imaginary parts = 8§+17 = 25 Ans. : (A)
(19)  If fix) = x* + ax® + bx? + cx + d with f(2i) = f{2+i) = 0 is a polynomial with real coefficients,
thena +b+c+d=...
(A) 1 B)4 ©)9 (D) 10
Sol. : We know that, if z = a + ib is a zero of the polynomial with real coefficients, then a — ib is
also zero of the same polynomial.
Zeros of the given polynomial f{x) are 2i, —2i, 2 +i, 2 —i.
S =0+ 20) (x—20) (x—2-0) (x =2 + )
fH=0+2) A -2)(1-2-)(1-2+7) =5x2=10
Slta+tb+c+td=10

atb+tc+d=9 Ans. : (O)
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(20)

Sol. :

@D

Sol. :

If ® is a cube root of 1, then 2 (1 + ®w)(1 + ®?) + 32w + NQRw>+1) + ..+ (nt+1)(nw+1)(nw’+1)

= (1)
(A) M (B) M+n ©) M_n (D) ”2(’;“) tn
. = f(r+1)(1+m>)(1+m)2)
r=l
_ é(wl)[nr(wmz)wzwﬂ
_ g(r+1)(l—r+ r2) @=1,1+0+0=0)
- Z(r S (”4“) +n Ans. : (B)

16
If the complex number z (z # 2) satisfies the equation z? = 4z + |z]> + P then the value of

2] iS o
(A1 (B)2 ©3 (D) 4

P B
z=re'® implies S e %, So, r = [z]

16
Substitute the value of z and % in the given equation, z* = 4z + |z|* + T

. 16
’,28219— 4 rel@ + 7’2 + —3
r

Comparing the real and imaginary parts, we get,

2 cos 20 = 4r cose+r2+1r_§ (1

r?sin 20 = 4r sin © (2)

" 2r? 5in® cos © — 4r sin 6 =0

rsin@=0orrcos=2

Case 1: rsin® =0. So, sinf =0 r# 0)
LcosO==x1

Substitute cos 6 = 1 in equation (1),
16
1 (2c0s*0 — 1) = 4rcos 0 +r* + 3

16
P=4r+r+ =
-

=—4 is not possible, as » > 0.
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Case 2 : Substitute cos 6 =—1 in equation (1),
=4
So, |z|* = 4

Case 3 : rcos0=2

From equation (1), since > 0. r° = -8 is not possible. Since r = |z

=4
oozt =4 Ans. : (D)
22) Ifjul <1, <1 and z= lu__u‘; , a lower bound of |z] is ....... .
][] |u]+]v] L« -1 v] ] +]v]
A Tullv] BTl O ulv] O ]
. . u—v
Sol. : z =7~
lu—v[>|lul—|v]] )
Letu=reie,v=pei¢;r,p<1

Solul=rnvl=p

1 —w]*> = |l —rp @92 =]l - rpcos (0+0) — irpsin(0+¢)?
= 1 + r?p? cos’(0+0) + r?p%sin® (0+d) — 2rp cos (0+d)
= 1 +r?p?—2rp cos (6+0)

S +rpP=+lul[v])? (cos (8 + ¢) 2 -1))
Sl =uwv| (0 ul|v]) )
From (1) and (2), Second method :
lu=v|z[lul-]|v]|
uco] k-l
|lz| = =] = 3 ul[v sll=w =1+ )| |+ w|=1+]ul|v|
. 1 > 1
Cl-uvl = 1+lullvi
e e
T Il—uvl - 1+|u||v| Ans. : (C)
. . z-1 eie . z—1 X .
(23)  If the imaginary part of 5~ + =7 is zero and —5~ is non-real, then z lies on .......... .
e e
(A) aline (B) a parabola (C) acircle (D) an ellipse
 Tmaos L. _
Sol. : Imaginary part of u + - ls zero, where u = —

e

Now, if the imaginary part of complex number z is 0, then z —7=2iy=0
. 1 1) _
) (u+u) B (lﬁ_u) =0

ferd)
. (u-7) +[

S

I
—
<
+
~—
Il
(]

S
|
S = = I~

N
Il
(e
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(24)

Sol. :

25)

. (u—ﬁ) [l_ﬁ] =0 (Ju*= u;)

s luP =1 (u #u)
E]

[ ®

- 1P =1 (e =1)

Lz =1

.. z lies on a circle. Ans. : (C)

The roots of the equation z” = (z + 1)" .......

(A) lie on a circle with radius % (B) licon the line2x+1=0
(O) lie on a regular polygon with 7 sides (D) lie on a regular polygon with 27 sides
"=+ 1)y

. (1+l)n -1

Z

. 1+4 :cosM -i-l'Sl'}’lM . k=0,1,2,...,n-1
z n n

. For k =0, %: 0 is not possible.

1
vz = k=1,2,....n—1
—1+cosM+l‘sinM
n n
—1+cosM—isinM
— n n
2
(—1+cosM) +sinZM
n n
2k .o 2kT
_(l—cos ” )—tsm—n i sin 2kt B B r
- T S (et
Z(I_COST) 2 2(1—cos—2kn)
n
*“ Re (z) = =L gives x = =L
o 2 2
The roots of the equation z” = (z + 1)" lie on the line 2x + 1 = 0. Ans. : (B)
| —2Z2
If z, and z, are two complex numbers such that | 1, where |z,| # 1, then point z,
—3
lies ....... (JEE 2015)
(A) on a circle with radius 2 (B) on a circle with radius 2
(C) on X-axis (D) on Y-axis
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Sol. :

(26)

Sol. :

27)

Sol. :

a-P
We prove if l—ocB‘ =1,|B] # 1, then |of = 1

oo~ Bl = 1-aB|

sl —PBR=]1-oaBp

o + |BP - 2Re (@B) = 1 + [of? [BP — 2Re (o)
ST =lof* = BI + o [BF=0

“(I=lof) (1-1B3 =0

But |B| # 1. So, Jof = 1

. g a2 B
Taking, o = > and B = z,, 2—z1;2 = 1. Since |z,| #1, |z,| =2.
". z, lies on a circle with radius 2. Ans. : (A)

If x, < x,and y, < y, for any two complex numbers z, = x, + iy, and z, = x, + iy,, then we say

Z, M 25

Let z be a complex number with 1 M z. Then

1—
(A)ﬁm—i (B)lmm (C)Emo D) T—n0O

1-z 1-z 1+z
1-z
Foreach z=x + iy 1 nzsuchthat | <xand 0 <y

-z (-x-iy  [A-»-i][d+0-i]
"tz (+x)+iy 1+ x)? +y?

Now

1—(x2 +y2)—2iy

(1+ %)% +y?
1-(x? +y?) 2y
Since x > 1 and y > 0, (1+x)2+ > <0and (1+x)2+y2 <0
-z
. Tz O 0 i Ans. : (C)

The region of Argand diagram defined by [z —i| + |z + i| < 4 is ....... )\

(A) interior of an ellipse

(B) exterior of a circle A

(C) interior and boundary of an ellipse

(D) interior and boundary of a circle.

A and B are 0 + i and 0 — 7 in the diagram.

A
W
\
>

Let P(z) be any point in the plane.
z—i+|z+i<4=PA+PB<4

P lies on the ellipse whose foci are A and B

\4

or it lies in the interior of the ellipse. Figure 2.4 Ans. : (C)
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(28)

Sol. :

29)

Sol. :

Among the following conditions which one is not true if the binomial coefficients in the expansion

of (1 +x)" are ¢;, ¢, ¢,, ..., ¢, ?

oo IR & An
A)cy—c,te—ct . = 52 €0 B)e,—c;teg— . =52 sin 1

1 nm nm
O, tes+cgteyt T [2" +22 smT] D)e, +e,tegte,+ .,,:(2" +22 smT]

(I +x)y"=cy+ ex+ex?+ ex® + .. (n + 1) terms (D
Substituting x =7 in (1)

(I+"=cytci-c,—cite + .. (n+ 1) terms (@)
Substituting x = —i in (1)

(I =iy'=c,— ¢
Adding (2) and (3), we get,

2(cp—c,t e, —ct )=+ +(1-0)

i—c,teite+ .. (n+ 1) terms 3

(1+i)”+(1—i)”
‘“¢c,.—c,tc,—c t .=
0 2 4~ % 3

n n
TC . . T TC . . T
—4 =] + L =
(C0S4 lSlI’l4) (COS4 lSlI’l4)
2

I
[\
N

nw._ . . NI nm nm
cos—=+isin—=+cos——=—isin——
I 4 4 4 4

2

I
[\
)

ntw

et e mc T 2% cos == (A) is true. 4)

0 4"

Subtracting (3) from (2), we get
2i(c,—c;teg— )= +iy'=(1 -y

n . NnT

¢ ¢t e = )7 sin T (B) is true. 5)
We know that ¢, + ¢, + ¢, + ... = 2" (6)
Adding (5) and (6), we get
2(c,tegtegt.)=2"1+ 2% sin % (C) is true.
Lot et et = % [2n +22 sin f] (D) is not true. Ans. : (D)
If |z2 — 1] = |z]> + 1, then P(z) lies on ......
(A) a parabola (B) a circle (C) the imaginary axis (D) the real axis

Letz=x+1iy
|22 = 1|=|z> + 1

R DR (b S
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C Ryt Sy
(x2 _yz _ ])2 + 4x2y2: (xz +y2 + ])2
2xh2 + 27 = 2%+ AxP = 202 + 2y + 252

4x2 = 0. So, x=0
. P(2) lies on the imaginary axis. Ans. : (C)
B0) Ifx=cosO+isinBandy=cos+isino,then x")" + 1 - .
xmyn

(A) cos (mO + nd) (B) cos (im0 —nod)  (C) 2cos (mO + ndp) (D) 2cos (mO — no)

Sol. : x=ef y=¢?

1
©ox™M yn + m.n = etm(-] em¢+ eftme efmq)

X0y
= pi(mB +no) 4 ,-i(m + no)
= cos (mO + nd) + i sin (mO + nd) + cos (MO + nd) — i sin (MO + nd)
=2 cos (mO + no) Ans. : (O)
3D If (1+x+x?)"'=a,+ax+ax*+ .. +a,x" thena,+a, +a,+..= ...
A1 (B) 2" (€) 2! (D) 3"
Sol. : Given (1 +x +x?)"=a,+ax+ax*+ ...+ a, x (1)

Substitute x = 1 in the equation (1),

(I+1+1)y'=a,+a, +ta,+..+a, 2)
Substitute x = w in the equation (1),

(I +w+w?'=a,+aw+aw +aw+ .. +a,w” 3)
Substitute x = w? in the equation (1),

(1 +w+wh=a,+aw’ +aw'+aw+ .. +a
Adding (2), (3) and (4) we get,
3"=3(a,*ta;+ag..)

“a,ta;tag..=3"" (I+w+w=0),w =1 Ans. : (D)

Sl 4)

(32)  The roots of the equation az>+z + 1 = 0 are purely imaginary numbers, where a = cos 0 + i sin 6.
Which of the following is true for the function f{ix) =x*-3x>+3 (1 + cos 0) x + 5 ?

(A) fix) = 0 has three real roots.
(B) fix) = 0 has one positive real root.

(C) fix) = 0 has one negative real root.
(D) fix) = 0 has three distinct real roots.

Sol. : az?+z+1=0, where a = cos® +isin 0

Suppose z, and z, are purely imaginary roots of the equation.

Then, z;, =— 7z and z, = - 7,

|
z tz,=—— (N
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(33)

Sol. :

(x— 1P +6=0.

. fix)= 0 has one negative real root.

Z]+Z2_% SO,ZI+Z2=%
L1 So,++4L =0
a a a
. cos =0
T
6=13
Now fix)=0

P32 43 (1+cos§) x+5=0

S =3x2+3x+5=0

L
So, x=1+ (-6)3

(z 25 ==z +2)

(a=cos 6 +isin0)

Ans. : (C)

If z, =24 + 7i and |z,| = 6, then the maximum and the minimum values of |z, + z,| are ...... .

(A) 31,19 (B) 25, 19
|z,| = 6 represents a circle.
lz, + z,| = |z, — (24 — T7i)| shows that the
distance between any point on the circle |z,| = 6
and (24, — 7) is the required distance.

(C) 31,25

According to the figure, BC is the maximum

distance and AC is the minimum distance.

oC = ,/242+72 =25

OA =6, OB =6
AC=0C—-0A=25-6=19
BC=0C+OB=25+6=31

Another method : |z, =6 = z, = 6¢” where 6 €R

(34)

|z, + z,|* =[24 +7i+ 6 cos © + i 6sinb |
= (24 + 6¢os 0)* + (7 + 65inB)*

(D) 24, 7

N

</

=576 + 36 cos*0 + 288 cos O + 49 + 36 sin* 0 + 84 sin O

=661 + 12 (24 cos 0 + 7 sin 0)
=661 + 12 (25) sin (0 + o)
|z, + z,]* =661+ 300 sin (6 + o)

.". The maximum and the minimum values of |z, + z,]* are 961 and 361.

.. The maximum and the minimum values of |z, + z,| are 31 and 19.

For a complex number a, |a =

J5-1
(A) a=cos 0 +sin0, 0=cos! (T

J (B) a

J5-1
(C)a=cos 0 +isin®, 6=cos™ (T

J (D) a

1; if a2+ 2z + 1 =

sin6+icos6,6=c0s1[ )

sin6+icos6,6=c0s'[ 7

C(24,-1 ¥
Figure 2.5
Ans. : (A)
(where 7 =25 cos o, 24 = 25 sin o)
Ans. : (A)

0 has one purely imaginary root,
J§—1J
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Sol. : a?+z +1=0

Let z, be the purely imaginary root of the equation.

azlttz, +1=0

2 —
'-a Zl) +Zl+1:0

‘. 2212—21 +1=0

By solving (1) and (2),

q _ 4 _ 1
2 a—a —(a+5)
—\2
22 = (a_a) = —2
! a+a at+a

2 p—
(;—a) +2 (a+a) =0
For a = cosO + i sin ©
S (2isin0)> +2 (2 cos 0)=0
s —4(l1—cos? 0) + 4cos =0
cos?0+cos®—-1=0

—1+ —
. cos B = 1£1+4 _ —1245

2 2
Z1-45 . .
cos 0 = is not possible.
" cos O = %

=)
0 =cos! |75

(35) If cos (1 —i)=a+ ib where a, b € R, then a =
(A) %(6—%) cos 1, % (€+%) sin 1

© % (e+l) cos 1, % (eJr%) sin 1

e

(D
(z =-2) @
(lal = 1)
[cosO| <1
Ans. : (A)

ei6+e—i9
Sol. : cos 0 = -
=) 4 ,mi(=i)
. cos (1 —i) = 5
el+i+e—l—i
- 2
. e—i
ee'+— | | . .
= e =2—[e (cos 1 +isinl)+cos1—isinl]
2 e
cos (1 —i) = L (e*cos 1 +cos1+ie*sinl —isinl)

2e
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c o= 2 - L o2
. a= 5 (ecos 1 +cos 1), b e (ecsinl —sin 1)

L

a=3 (€+%) cos 1, b= L (6—%)sin 1 Ans. : (B)

2
(36) If 2, z,, z,€C, Xz, Im (z, 2y = .....

1
(A)z, +z,+ 2z, B)0 ©) 57 (z,+ 2zt zy) (D) z,z, 2,
Sol. : Let z, = re®; 2z, =re® ;z, =r e

i(93—92)) _

m (3 z) = Im (nne v, vy sin (0, - 0,)

Wz Im (g, 2) =1 rp, e sin (0, —6)

oo Xz Im (523) =r rry {9 sin (0, —0,) + %2 sin (6, — 0,) + ¢ sin (6,-6,)}

Now, using the formula of sin (o0 — ) and ¢® = cos 0 + i sin 0, we get

e Ans. : (B)
1V
i - +1
O e " (Zz—lj = where ke Z, m> 0
(A) 0 (B) 1 ©) -1 o5

PN

Sol. : ol Chcor™t m) (mz+1 j
. mi—1

. k
+1
= [cos 2k cot™ m) + i sin 2k cot™ m)] (ml j

mi—1
r k
. 2
i 240 —(mitl) 1
=e 2—1 where cor' m = 0
m +
- 2k
m-—i
= ¢! 29 2 = &' 2 [cos® — i sin@]F = 20 12k =] Ans. : (B)
m- +

(38) If (1 +ir)®> =s (1 +i) where r, s € R, then the sum of the possible values of 7 is ...... .
(A) 1 (B) -3 ©3 D)0

1 r
Sol. : If cos © = and sin 6 = , then
\/1 +r? 1/1 +r?

3
from the given equation, [ 1472 (cosO+isin 9)} =s(1+1i)

3
. (,/1+r2 ] (cos 30 + i sin 30)=s (1 + i)
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(1+r2)%cos 30 =35, (1+r2)% sin 30 = s

*. cos 30 = sin 30

S 4 cos’0—3cos0=3sin0—4sin’0

. 4 03— 3r 4

: 3 5 5 3
(\/H—rz ) \/1+r \/1+r (\[H—rz )

4 -3(1+r)=3r( +r’) -4

P =3 —-3r+1=0 (D
.. The sum of all the possible values of »= The sum of the roots of the above equation = 3

Anms. : (C)

(39) If o and B? are the roots of 8x*> — 10x + 3 = 0 with f? > %, then the equation whose roots are
(o + iB)' and (o — iB)'® is
A)x*—x+1=0

B)x*+x+1=0
Sol. :

O)x*-x-1=0 D)yx*+x-1=0
8x2—10x+3=0

so(Ax—3)@x—1)=0

. iz
and o—i= 1-iy3

2
100 100 1007 —-1100x
1+i/3 1-i\3 —_
> +

3 3
e e
5 +

100 100 1007 —i1007
1+i\3 1-i\3
Also, e

— 3 3 _
2 2 = o =1
The required equation is x> +x + 1 = 0. Ans. : (B)
(40)  w (where Im(w) # 0) is a complex number. The set of points satisfying the equation
w—wz=k(l —2),ke R,is ...
A) {z] Iz = 1} B) {z|z =z}
Sol. :

©) {zlz;t 1}

Let w=a+ibb#0and z =x + iy,

(D) {Zl\z\ =1,z¢1}
w—wz=k(l-2)

a+ib—(a—ib) (x+iy) = k(1 —x—iy)

a+ ib— (ax + ayi — bxi + by) = k (1 — x) — iky
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Sa—ax-by)yti(b—ay+tbx)=k(l -x)—kyi

Comparing real and imaginary parts, we get

a—ax—by ay—bx—b

3

1-x y
“ay—axy—by* =ay—bx —b—ayx + bx*> + bx
So—byr=bx>-b
Soxr =1 (b # 0)

So, lz|=1 Ans. : (A)
41)  If (cos © + i sin 0) (cos20 + i sin20) ... (cos n 6 + i sin n 0) = 1, then 0 =

2km kT 4km ki
A) G- k€2 B Taan-keZ2 O G n-n€Z2 D) 25;y1) ke Z

Sol. : (cos 0 + i sin 0) (cos20 + i 5in20) ... (cos n 0 +isinn 0) =1
wcos (@+20+...n0)+isin(@+20+..+n0)=1

. cos 06} + i sin {Lnnno} =1

'.%nm+D9=2hgkeZ

4km
. 0= n(n+1)’k€z Ans. : (C)

(x+0)" —(x+B)"

(42)  If o, B are the roots of u? — 2u +2 = 0 and cor® = x + 1, then

o p
cosn® sinn® sinn® sinn®
(A) cos" @ B) n sin® © cos" 0 (D) sin" @
Sol. : wW—2u+2=0impliesu=1%iLleto=1+iB=1-i
4" —4B)"  [cor-1+1+i1" —[cor®—1+1— i]"
’ o-PB 2i
(cosO+ isin®)" —(cosO — isin®)"
B sin"0-2i
2i sinn® sinn0
T 2isin™®  sin® Ans. @ (D)
a b < .
43) If a, b, ¢, a,, b, ¢, are non-zero complex numbers and . + b + o = 1 + 7 and
a bo,a g 9 b
P b - =0, thén (112 b12 C12 = e
(A) 2i (B)2 +2i )2 (D) 1 +2i




. a_ b <

Sol. : Let alzx,blzy,cl =z

Given equations are x + y +z =1 + i and %4- Y + % =0.

Tty -tz =yt (xy + yz + zx = 0)

Sty = (1 +0? =20 Ans. : (A)
(44)  How many solutions are possible for Re (z)>= 0 and |z| = a3 (a>0) 7

A) 1 (B) 2 <€ 3 (D) 4

Sol. : Let z = re® —T<O<Tm

lzl =r=a./2 and 22 = 2a%*"

Now, Re (z)>=2a? cos20=0.S0c0s20=0  (a>0)

W=mm+Z:nez

3
nto, T
T e— + —
0 S LT yine Z
3n
-4+ 420
b=t7.+5
iz _iz Bz —i3z
“z=\2ae4, 2ae 4, 2ae* , 2ae 4
Hence, there are four solutions. Ans. : (D)

(45)  z,, z,, z, are the vertices of an equilateral triangle lying inside the circle |z = 2. If z, = 1 + NEYA

then z), z; are ...... .
(A)-2,1-3i (B) -1 ++/3i, -2 (C) 2, -1 +.3i (D) 2,2 +3i
z %
Sol. : 21:]+J§i:283 AN
mZz,0 z,= 2_3n and mZz,0 z,= % ]
2ni 2ni 1
“ Iy TIe 3 s I3 T 3 zZ,
< >X
| 2 ©
So, z, = 2¢'"=-2 and z;= —2¢ 3
VA
3
z, =2 [cos (2—3n) +1isin (2—3n) ]
v
1, \Bi _ Figure 2.6
=2 (7+Tj =1—43i Ans. : (A)
(46) If 2= 1and w="77. (z# 1), then Re () = ....... (IIT 2003)
V2
(A)0 (B)—— © | L= (D) —=
lz+11 2+ 2411 lz+1l
z—1
Sol. : W= (z#-1)

wzt+rtw=z-1
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cwrl=z(1-w)
~ wHl
2T 1-w
w+1
2| = I-w
w+1
1-w =1
. |[w+ 1] =|w-1| (From here see the

Second method :
w—1]=w+1|

Let w=u+iv
lu+iv—1|=u+iv+1]
w—172+v=w+1)>++?
u=0
Re(w) =0

second method)

~.w lies at equidistant from (1, 0) and (-1, 0).

..w lies on perpendicular bisector of (1,

<. w is a point on the imaginary axis.
SRe(w)=0

0) and (-1, 0).

(=1

Ans.

“(A)

Z z
(47)  If z,, z, are non-zero complex numbers such that Z—l + Z—? = 1, then O(0), P(z)) and Q(z,)

(A)ona stralght line
(C) the vertices of an equilateral triangle

2

(B) the vertices of a right angle triangle

(D) on a circle

Sol. : Letz=_1
22
. 1_ 2 —
.z+;—l. So, z2—z+1=0
++/3i ;
LZ= l_ﬁl. So, L 143
2 (%) 2
coop |al B
T 0Q |zl | 2 |
. OP=0Q
R o O MY N T 7 I
OW. '0Q lol T | T 272 | T 272 T
S.PQ=0Q
-.OP = 0Q = PQ

~.AOPQ is an equilateral triangle.

Ans.

“(O)

(48)  If z,, z, and z, are vertices of AABC in an anticlockwise direction and z; is the circumcentre

3

of AABC, then [

Z0—2 | sin2B

(A)0 ®1

20 — %1 sin2 A 20 —<3 sin2C
20 — <2

Sln2B = eeeees

(©) -1
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Sol. : In AABC, O (z)) is the circumcentre. So, OA = OB = OC. A

mZAOB = 2C, mZBOC = 2A and mZAOC = 2B.
. . 20 — 2]
Taking © rotation, —— =cos 2C —isin 2C
0 —43 0 (Zo)
and =cos 2A + i sin 2A
20 — <2
20— | sin2A Z0—23 | sin2C B C
Now, 20—2p ) sin2B * 20—2p | sin2B Figure 2.7
B sin2Acos2C—isin2 Asin2C+cos2Asin2C+isin2 Asin2C
- sin2B
sin(2A+2C)
:sinT:_l (A+B+C=n) Ans. : (C)
122 —lzl+4
log2 12 +1
49) Ife = 1Og\/§(16), then |z| = ......
1 1 L
) 1 ®) 1 © 1 D)
Sol. : Let |zZ| =7
1212 ~Izl+4
log?2 122 +1 1
e = log ;16
P —r+4
Ly el T 8 logﬁﬁ =8=23
P —r+4
T, =3
r+1

rP-rt4=3@0+1)
2 +r—1=0
C@2r-Dr+1) =0

. r=%orr =—1.But »r >0
Sr=lzl = % Ans. : (D)
(50)  The area of the rectangle formed by the roots of the equation z73+ Z 23 = 350 for z = x + iy,
x,ye Zis ...
(A) 175 (B) 350 (C) 48 (D) 68

Sol. : z73+ 72 =350 is a biquadratic equation. So, there are four complex roots.
27+ 722=350

ooz 224 P22 =350 7=z
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2P (22422 =350

@0 [ B+ o+ B =350

S (2 B2 (2x7 - 2y%) = 350

S -y =175
x and y are integers so that x> +3?> and x> — )? are also integers. So, x> + y?> = 175,

x> —y? =1 is not possible and x> +3? = 35, x> —)? = 5 also not possible.
175 =125 x 7= (4% + 3?) (42 — 3?)

L x2=16,)=9
x=x4,y=%3
.. The vertices of the rectangle are (4, 3), (-4, 3), (4, -3), (-4, -3).
Area of this rectangle = 8 x 6 = 48. Ans. : (C)
(51) If|zl=1 and arg (z) = 0O, then arg [H—EJz ......
1+z
(A) -0 (B) % -9 (C) 8 (D)n—6
Sol. : zZ7 = |z?
zz =1 (Iz] = 1)
L= 1
==
Z
I+z I+z
arg |\ 15= | =arg | —— =arg (z) =0 Ans. : (O)
¢ 1+L
z
(52) If |z =1 and z # % 1, then for any complex number z, —— ...... (IIT : 2007)
1- 72
(A) lies on a line which does not pass through origin (B) satisfies |z| = 2
(C) lies on X-axis (D) lies on Y-axis
Sol. : lzZl =1
Z — — — 1 - 2 — 1
1- 72 Z-z2 «T-z2) 7ZI-z @z = [ )
z—Z is a purely imaginary number
C T is a purely imaginary number
_ZZZ lies on Y-axis. Ans. : (D)

(53) sinotsinB+siny=0=cos o+ cosP+cosy, where -t <a, B,y <m.

If sin" o + sin" B + sin” 7y =% and Xcos (o0 + B) = A, then (n, A) =

(A) (2,0) (B) (0, 3) ©) 2, 3) D) (3, 2)
Sol. : Ycos o= 0= Xsin o, where —t <o, B,y <7

Let A=¢e2 B=¢P C=e”. Then

_ 1.1 1 _
A+B+C—0andA+B+C—O
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SJA+B+C=0 and AB+BC+CA=0

"~ A?+B’+C*=0and AB+BC+CA=0

e 4 @B+ 2= and ** P + BTV 4 lrr ) =

. cos 20+ cos 2B + cos 2y =0 and cos (ot + B) + cos (B+7) +cos (y+a)=0
(Comparing the real parts)

Ll =2sirfo+ 1 -2 sin?B+1-2sin*y=0

. sinoL+ sin? B+ siny = % and Zcos (ot +B) =0

* n=2, A=0implies (n, A) = (2, 0) Ans. : (A)
(54) 1t o =cos (82) +isin (8F), then Re (o + 02 + 02 + ot + 0) = ...
(A) 3 (B) -3 (©)0 (D) 1
Sol. : Re (o0 + o2 + o + ot + o)
_ Sn lé6m 24n 32n 40m
- cos (11) +COS( 11 ) +""S( 1 ) +""S( 1 )+ cos ( 11 )
= cos (}) + cos(1FF) + cos(3F) + cos (1) cos () 0
= cos (114—?) + cos (%) + cos (%) + cos (112_11t)+ cos (T—T) (cos(2m — 0) = cos0) (2)
Adding (1) and (2), we get
10 5
2Re (o0 + o2+ 03+ at+ o) = D, cos (liln)
m=1
10 5
We know that D, €os (llln) =0 (The sum of real parts of 11th roots of 1)
m=0
SoRe (ot o2+ o3+ ot o) =5 (1) = F Ans. : (B)
(55) Ifiz)=2* -8 +4z2+4z+39and f(3+2i)=a+ib,then a:b= ...
(A)1:8 B) -1 :8 ©)1:4 (D) —1: 4
Sol. : Let z=3+2i
Sz =3 =47 So, 2—6z+13=0 (1)
Dividing f(z) by z? — 6z + 13; we get
A8 +424+42+39 = (2—-62+13) (22 -2z-21)-96z + 312
B3 H20) = 0(=22—-21)—96 (3+2i)+312 =24—192i =a + ib
a=24, b=-192
a1 Ans. : (B
-5 =73 ns. : (B)
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(56)  If a non-real complex number o is a root of the equation z#* — z# — z7 + 1 = 0, where p, ¢

are distinct primes, then ..........

A l+a+o?+..+oP=0

B)l+a+o?+..+to9=0and | + o+ o2+ ... +ad!' =0

O l+a+o?+..+or'=0and 1 +ou+ 02+ ... +ad!' =0

(D) both are not possible simultaneously.

Sol. : - —z1+1=0

S (Z-DHEr-1)=0
o is a root of the given equation.
o’ =1orof=1
s.ouis a pth root of 1 or o is a gth root of 1. (x#1)
Sdto+ol+ .ok =00r 1 +o+ o2+ ...+ =0 (Sum of all nth roots of 1 is 0.)

Suppose o is a pth root of 1 and also o is a gth root of 1.

2mri 2nmi
coa=e P =e? wherel<m<p 1<n<gq (o #1)
.". For any positive integer, m, n, % = ; is not possible. (p. q are primes)
Ans. : (D)
(57) If, for any complex number z, |z — 3 — 2i| < 2, then the maximum value of |2z — 6 + 5] is ...... .
(IIT : 2011)
A) 11 B) 12 ©) 13 (D) 14
Sol. : 2z -6+ 5i=2 z—3+%i|
_ .. 9. _2_9:.9) _ 9) _
=2|z-3-2i+ E’| <2 (lZ 3 21|+2) =2 (2+2> =13
Ifz=3+4i,then |z—3—-2i{=2and 2z—-6+ 5i| =13
. Maximum value of [2z — 6 + 5i] is 13. Ans. : (C)

Another method : [z — 3 — 2i] < 2 represents a circle with centre (3, 2) and radius 2 and its interior.

. 5 . Y
2z-6+5]=2|z-3+ Fi A
Slz=-3+ %i is the distance of z from
16.2)
the point (3, _75)
X
Maximum distance, PA = 2.5 + 4 = 6.5 0
5
.. Required maximum value = 2(6.5) = 13 P(3’7j Ans. : (C)
Figure 2.8
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(58) If z and w are non-zeo complex numbers such that |zw| = 1 and argz — argw = %, then

W = .
(A)1 B) -1 ©) i (D) -
Sol. : lzw| = 1 implies |z| [w| = 1. This implies |w| = Tzl (H
Let z = re® So, 7T =re™
argw=argz—% =6—%
i(0-LI)
'.w=%-e 2 From (1)
_ _ TS Zin
'.Zw=re*’9'7el 2 =e =cos%—isin%=—i Ans. : (D)
(59)  z and w are complex numbers. If T +iw =0 and arg (zw) = 7, then argz = .......
— 5
(A) (B) 5 ©) (D) 2
Sol. : Let z = re®
arg (zw) = . So, argz+ argw=T. So, argw=m-96
Tw=r (=9 where 7, = |w|

Now, Z +iw =0

Lre™® + ir, 0T —

r (cos © — i sin 0) + ir, [cos (T —0) —isin (n—0)] =0
r(cosO—isin®)+r [~icos0+sinB) =0

Comparing real parts and imaginary parts,
rcos©+r sin®=0,-rsin®—r cos®=0

I A K. . 5 9. . _
. 5. =—tan ® = — implies r°=r* implies r =r,
1 r
Sotan 6 = —1. So, argz= —Tn Ans. : (C)
(. (2kn 2kn
0 S (2 -
A) -l (B)0 (C) —i (D) 1
6 6
oo B nE)en(BE) < S eo(28) s 255)
k=l k=l
Let 6 = %

6
_ —iko
z = Ze
k=1

= ile®+ e+ .+ + e

A 60 _q ~ (cos60—isin60—1 _(1-cos60+isin66
= je'? = je'? = e’

- e 0 _q cos0—isin6—1 1—cosO+isind
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e sin30 | sin30+icos30
= le ) .0.. 0

Sin— Sln5+lCOS—

sin30 | cos30—isin30

= je~ O .. 06
.0 Y_ 9
sm? cos > isin >
i0 T
_ sin30 Y . 7i6 sin306
= joif e—319 e = ie 2 5
sz smE
sin6—7t
7
= je'" T

=i (cos ®—isinm)

61)  Ifarg (55

Sol. : Let z=x+iyand arg (z - 2) = 0,

2
arg (z+2) =arg(z—-2)—arg (z+2) =

_XI
0,-06, 2T 7
Y p _ =
X_2 —an —4
~1 x—2_x+2 _ Tt
tan™ ———— 4
1+2y
x° =4

y(x+2)—y(x-2)
x? —4+y2

x?+y)y?—4y =4
(- 0P+ (y—2)7 =8
ki —2)R =8

- 2il =242

g=1

=2 19 2qm 2qm i
(62) ;(3P+2) [Z(sinT—icos T j] —

(A) 24 (1 + i) (B) 24 (1 — i) (C) 48 (1 + i)

%) = % for any complex number z, then |z — 2i| =

and arg (z+2)=106

(A) 22 (B) 32 (C) 42

(D) 48 (1

— i)

Ans.

(O

(D) 52

Ans.

“(A)
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2 2 . 2qn . . 2qm
Sol. : sin qn—icos an _ —l(cosi-i-lsmiJ

11 11 11 11
i2qm
= _je 11
O . 2qn . 2qm 1o 24m
. Z(StnT—tcosT) — z e 11
g=1 gq=1
i2n i4n i20m
=_ [e I 4o 11 4 4 11 ]: — (_]) =

(Roots of z'' — 1 = 0 are cos 2{‘1” + isin 2{‘1” (i =0.1,2.3, ....10))

32 10 P
K3 2(3p+2)£2(sm 11 icos 11 j}

p=1 g=1

32 32 32
= Y GBp+2)i? =33 pi" +23i? =3 +28,

p=1 p=l p=1

32 32
where S = 2 pi” .S, = i’
p=l p=l
S, = i +27+ 37+ ..+ 32
i8S, = 2428+ 3+ .+ 320
S(U-D=i+P+7P+ .. +7/?=32/" = 8(+rP+P+i*)-32i.7*
-32i
S, =7 =le(-9 [(1 —i)?=-2i]
S,=0 (+7+.. +72=0, P =10
. Required value =3 x 16 (1 —i) + 0 =48 (1 —i) Ans.

: Questions with More Than One Correct Answers :

(63)  If z,, z, are non-zero complex numbers such that, |2z, — 3z,]* = |2z |*+ [3z,%, then

22 . L
(A) z, 7, ¥5,7 = 0 (B) _Zl is purely imaginary
. 22 T
-_— - = +—
© 4 is purely real (D) arg ( 4 J 2
Sol. : 2z, — 3z,]* = [2z ]* + [3z,]?

S (2z,-3z) (231 — 332) =2z |+ |3z,
4212] - 621 Zy— 62221 +9 2,7, = 42131 + 92222

. 51224-2132 =0

(D)
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L2 (2

g 2]
< . .

L isa purely imaginary number.
1

. arg [z_f] - +Z Ans. : (A), (B). (D)

(64) 1fz,.z,... 2, lie on the circle |2| = r and Re | X 27~ | =0, then .....
i=1i=1

n n
(A) 2.3 =0 ®) |23 =0 ©) 27=0 (D) 2.3j=n
/=1 j=l j=1 j=1
Sol. : Since z,, z,,... z  are on |z| = r, z,=r (cos O, + i sin 0,
Now, Re 2 ZZ_ =0
j=lk=1 "k
1 1 1
. Re{(zl +2p 4.+ 2, )(—+—+....+—H -0
2 <2 Zn

~o Re [{(cos 6, +...+cos0)+i(sin® +..+sin0)}
{(cos 6, +...+tcos0)—i(sinO +..+sin6)]=0

S (cos @+ ..t cosO )+ (sin® + .. +sinB) =0
LcosO + .. +cosO =0=s5in0 + .. +sin6 Ans. : (A), (B), (C)
(65) P (x) and Q (x) are polynomials. If x> + x + 1 is a factor of f{x) = P(x}) + xQO (x°), then ......... :
(A) (x—1) is a factor of P(x) but not a factor of Q(x).
(B) (x—1) is a factor of Q(x) but not a factor of P(x).
(C) (x—1) is a factor of P(x) and Q(x).
(D) (x—1) is a factor of fx).
Sol. :  flx) =P (x*) +x0 (*) (1)

Factors of 1+ x + x? are also factors of Ax).

i3 o Z1-iVB3

2 2

Roots of 1+ x + x? are m, ®?, where ® =

flm)=0
S P@)+Fo O (@)=0
S P +e0(1)=0 )
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(66)

Sol. :

Now, Aiw?) =0

s P(@0) + 0?0 (0%) =0

o P() + 020 (1)=0

From (2) and (3),

P(1)=0and Q (1) =0

~ (x— 1) is a factor of P(x) and Q(x).
s AD=P)+Q(1)=0

S AD=0

. (x—1) is a factor of f{x)

: 'Match the Following' Type Questions :

B 2k oo (2km)
For z, = cos (—10 ) + 1 sin (—10 ),k 1,2,...9

(P) For each z,, there exists z, such that

zz,= 1 (1) true.

(Q) There exists k € {1, 2, ..., 9} such

that z, - z = z, has no solution in the C. (2) false
M-z -z ... 1-2g |
0 3)1
: 2k
(S) 1= 2, cos (1—0’“) 4)2

k=1

(A) P)=(1), (Q—=(2). (R)=4). (5)=0)
(B) (P)=(2), (Q—=(1), R)=(), (=>4
(©) P)=(1). (Q—=(2). R)=(), (S)—=(H)
(D) (P)=(2), (Q—=(D), (R)=>#). (5)—=0)

(P)  z, isa 10th root of 1.

zZ, is also 10th root of 1.

If =7, then statement (P) is true.

z
(Q) z, #0. By taking z = f, then statement (Q) is false.

R 2-1=@-D(Ez-2z)..(E-z)

) Z10 -1

z—1
(1-z) (I =2z)...(1-29)=10

= (-z)2z-2) . (229 = l+z+22+ ..

(P)—=(1)

Q—-(2)

+ 7

)

Ans. : (C), (D)
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=z =z 1=z |
10
(S) It is not necessary to solve but required to be understood.
l+z+z,+...+z2,=0
S.Re(l)+Re(z)+..+Re(z) =0
S.Re(z) + ...+t Re(zy) =1
9
ol g cos (%") =2 Ans. : (C)
Note : P — (1) and (R) — (3) are enough for the answer.

=1 R)—=0)

1-i Y
67) | (P) If [mj is a purely imaginary number and

its imaginary part is a positive number,

then the minimum value of n (2
2n+1
) [ x i J (i) -1
m=l1
(R) For AABC, | +¢ - ¢ .¢ic= (iii) 3
(S) Ifze C andarg (z)=06 (iv) 0
The maximum value of [==-1] is ......

[z

®  Q ® S
A O (ii) (iif) (iv)
B) @ i) (@) (@
© (@) () (iv) (@)
D) Gv) (i) (i) (@
Sol. : (P) Lz =

1-i Y
. (Ej = (—)". Forn=1, 3, 5,... we get purely imaginary number.
1—i

For n =3, (—
1+

n
] = (—i)® = i has positive imaginary part. We get, (P) — (iii)

((P) — (iii) occurs only in answer (C). Hence (C) is the answer.)

= ACD T ED L DY = (Q) — (ii)
(R) 1 +_em;eﬁsem

=l+cos(A+B+C)+isin(A+B+C)

=l+cosm+isint=0 (R) = (iv)
(S) Letz=r(cos O +isin0)

|_§|=(cose+isin6)
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(68)

Sol. :

L—‘=|(cosﬂ—1+isin9|

Izl
0 0 0
— L . 2 - . . —_— —_—
| —2sin > +2isin 5 €05 5 |
=2 |sin %|
|—§|—1 has the maximum value 2. (S) — (i)
(P) If |z +l| = 2, then minimum value of Eq
¢ tanZ
8
is ... @10
(Q) If|zl=1andz*"+ 1 #0, then (ii) 3
Zn Z_n _
- = . (ii1) 11
2" +1 (;)2" +1
(R)  If 8iz>+ 122> — 18z +27i =0, then 2 || = ...... (iv) 1
S) If z,, z,, z;, z, are the roots of the equation
#+B+2+z2+1=0,
i=4
then [ +2)= ...
i=1
(P) Q) (R) )
(A) (M) (i) (iii) (iv)
(B) (ii) (ii) (@iv) (iii)
©) (iv) (iii) (i) (i)
(D) (iv) 0] (ii) (iii)
@ |ld-T] < e+ L] =2
| =172

3 —23|z|—ﬁ$2
"z 2z —12=0and |22 2| -1<0
(] F 1222, (2 - 12 <2

z] = N2 -1, | < V2+1

*. The minimum value of |z| is V2 .

Izl J2-1

*. The minimum value of is
tan% «/5 -1

(2 <zl - 1< 2)

=1

.1 (0

(P) = (iv)
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Q) Let z=cosO+isin®

7" —n cosnO+isinn0 cosnO—isinn0
S (;)2” +1 " 1+cos2nO+isin2n0®  14+cos2nO—isin2n0
cosnO+isinn0 cosnO—isinn0

2cosn0O (cosn®+isinn®)  2cosnO(cosnO—isinnd)

_ [ N :
2cosn® 2cosn® 0 Q=W
(So, answer is D). (You could do it by taking z = é)
(R) 8iz*+ 1222 -182+27i=0
S QRiz+3) (@22 +9)=0
z= %i, 2= _791'
S 20z =3 (R) = (ii)
S H+2+2+z+1
=(z- zl) (z —22) (z - 23) (z - z4)
Let z =-2,
4
II ¢+o=c2+c2P+c22+E2+1=11 (S) = (iii)
i=1
Ans. : (D)
Note : It is easy to calculate (R) and (S). From (R) — (ii), (S) — (iii), we get (D).
©9) | (P) The area of the triangle formed by the roots of the
cubic equation (z + off)’* = o, (o0 # 0) (i) |tan o
(Q)  Radius of the circle |*==2|=2, 0e C (ii) % lof?
=0
z=2 ) -
(R) Ifargz=oand [z—1]=1,then | 7 |= . (i) 5 |oc—oc
(S)  z,and z, are the roots of 2>+ pz + ¢ = 0, in Argand
diagram. If mZAOB = o # 0 with A(z,), B(z,) and
2
p__ . o
OA = OB, then 77~ -~ (iv) 4 cos® =
2
(P) Q) (R) )
(GYRNO) (i) (iii) (iv)
® W (iii) (ii) 0]
© @ (iii) (i) (iv)
D) @ (M) (iv) (iii)
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t(P) (z+oP)=

o*=z+of =0, o, oo where @ =

Implies, z=o— of, mo— of), ®’a— of

Let z, = o — of,

X zz=m(x—(sz=m20c—ocB

=l —z]=3 o

". z,,z,, 2z, are vertices of an equilateral triangle.

Now, [z, — z -z

ol =z

Area= 33 | _zpp= 38 p
4 TR Ty

Q k- af =4|-5)
(z—o) (Z-0) =4(z-7) (7-a)
zZ —oZ7 —ozt+too =4 (z7 —0z— wZt+ o)
3z7 +(0—40) T + (0 —4o)z +3 o= 0

—_  o-4a _ a-4o
zZ + z +

z+oaa=0

We know that the circle with centre a and radius ./|¢[*> —p has the equation

7 —aZ —az+b=0(ae C,beR).

Radius of circle (1) is,

/ 4 =2
-0l ) (ou—)

Point P(z) lies on the circle with centre (1, 0) and radius 1.

0c40c

2 -
3 |03

S
>

(P) — (i)

(M

(Q) — (iii)

P(z)

mZOPA = 2
2
2-z |2z £
= |—]e
*0-z z ¢
z—2
Z =§(ii) = xitan o
=2
. = |tan q|

(S) In a triangle with vertices A (z,), B (z,), C (z,), if m£BAC = q,

then 2 Zl \B (COS o+ 1isin 0(.)

Let A=0,C=A

2 A . .o
Now, ?:8_B (cos o+ i sin ) =cos o+ i sin o

Alz)

> X
(1,0) A(2,0)

R) = (@)

C(zy)

B(z,)
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Logyceoso 2 2.2 2 ¢ip2
_z] =isind. So,z,”—2zz,c08 O+ z7~cos” 0L =z sin" O

. 2 2
.zt z, 2212200501

ooz, +2)? =22z, (1 + cos )
Butz +z,=-p,zz,=¢q
2

. PT =4 cos? % (S) = (iv)

Note : Alternative R has different answer in all (A), (B), (C), (D). By solving R — (i) we get

answer (C). Ans. : (C)
(70) If 4arg (z — 5i) = 2arg (z + 3) = cos™!' (~1) for complex number z, then ....... .
(A)zZ =2i+3 B)zliessonx +y+ 1=0
(C) Iz| is the radius of x>+ )?>+ 2x — 4y — 8 =0 Dyz+zZ <0
Sol. : 4 arg (z—5))=2arg (z+3)=cos! (-1)=T7
cotan™! [y—SJ =L an [ - j=£ (z=x+1iy)
X 4 x+3 2
Sy—=5=x, x+3=0givingx =-3,y=2
Sz=—-34+2i So, 7 =-3-2i
Point (-3, 2) liesonx +y + 1 =0.
wzliesonx +y+1=0. (B)
Radius of the circle x> + )2 + 2x — 4y — 8 = 0 is [1+4+8 = |13 =
.. |z| is the radius of the circle x*> + )? + 2x —4y -8 =10 ©)
Now,z+Z =-6<0 (D)

Ans. : (B), (C), (D)
(71)  If Ax) = ax® + bx, where (1) =2, Ai®) =0 and iz + z') = 0, then |z| = ......

(A) 0 (B) % ©2 D) 1
Sol. : flx) = ax? + bx

Ay =2. So. a+b=2 1)

AR) = fi-1) = 0. So. a-b=0 @)

From (1) and 2),a=1,b=1

S flo) =X+ x
2
fiz+ 21y =0. So, (e+1)'+ (:+L) =0

A2 22+z4+1=0
@+DHE+z+1)=0
z=%1i O, 0
lz| =1 Ans. : (D)
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(72)  Match the equation on the left with curve represented on the right :

(P) |z-3|+]z—i=10]| (i) Circle

2z-3 N
Q) . |72 (i) Hyperbola
R) 2+72=5 (iii) Line
~6
S | =3 (iv) Ellipse

(v) Parabola

(P) Q  ® ©
(A) (iv) (i) G @)
B) (iv) i @ (i)
© (iv) @ i @)
(D) (D) (v) (i) (i)

Sol. : We know that |z — z | + |z — z,| = A is the equation of an ellipse with the foci z

, z, and the

1”72

length of the major axis is L. (A > |z, — z,|)

.". The equation |z — 3| + |z — i = 10 represents an ellipse. A = 10 > |z, — z,| = J10 (P) = (iv)

2z -3
Z—1

Q

‘:2. So, - = Z—%|:|z—i|
.. z is on the perpendicular bisector of the line segment joining (%0) and (0, 1). (Q) = (iii)
(R) Letz=x+1iy
2+ TE=5 s (ki) H(x—ip)? =5
2Py =5
. 2 2 — i ..
. x> —y"= 75 represents a hyperbola. (R) = (i)

z—6
7—2i

(S) = 3 represents a circle. S) — (1)

Note : It is easy to calculate (S) — (i), (R) — (ii) from this immediately we get Ans. (A).

Ans. : (A)
(73) | (P) Centre of the circle |z — 2> + |z —4i? =20 | (1) 1—i
. z—-1] _ 1 o D
(Q) Centre of the circle 41|~ 2 (i) 3t 0i
(R) Centre of the circle
zZ —(1+)2-(1+D7T +7=0 (iii) 4 — i
. z+3+4i) g ) .
(S) Centre of the circle arg Z15-21 | % @iv) 1 +2i
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P @Q ® (O
(A) (v) (@) @) (@)
®) ) @ @ (i)
© v G ) @)
@ O G @ (i
Sol. : (P) We know that, if £k > % |z, — z,/% then z and z, are the end points of a diameter of the circle
lz—zP+z—z =k

+4i
2

So |z = 2P + |z — 4i> = 20 is a circle. Centre of this circle is 2
Q 4lz—-1P =z+1P
A4 (@EZT —z-Z7+1)=zZ7 +z+ 7 +1

S0 3z7 =52-57 +3=0
5 5

— | +2i. (P) = (iv)

. zZ —gz—gf +1=0
We know that the centre of the circle zZ + dz+aZ +b =0 is —a.
The centre of the given circle is % + 0i. Q) — (i)
(R) Thecentreof zZ —(1 +i)z—(1-0)Z +7=01is1—1. (R) = (i)

Z—Z
(S)  We know that, arg [z—z; j = % is a circle whose end points of a diameter are z, and z,.

3 4i+(=5+2i) _

The centre of the given circle is 3

—4—i.  (S)— (iii)  Ans. :(B)
Note : (P)(iv) followed by S(iii) gives answer (B).
: Assertion and Reason Type Questions :

Explanation : Each of these questions contains statement 1 (Assertion) and statement 2 (Reason).
Each question has four choices, options (A), (B), (C) and (D), which are as follows. You have
to select the correct choice.

(A) Statement 1 is true, statement 2 is true. Statement 2 is the correct explanation for statement 1.
(B) Statement 1 is true, statement 2 is true. Statement 2 is not a correct explanation for
statement 1.

(C) Statement 1 is true, statement 2 is false.

(D) Statement 1 is false, statement 2 is true.

-1
(74)  For complex number z, arg (%) = %

Statement 1: Locus of z is a circle.
Statement 2 : In a plane, the set of all points which are at a constant distance from a fixed

point represents a circle.
Sol. : arg (%] = %

arg (%]=% (z=x+1)
" tan! [ﬁ) — tan™ (xfzj = % (arg [i—lzj =arg z, — arg z,)
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S

‘. tan™ ol x-2 (o

(x-1)(x=2)+y>
(x-1)(x-2)

ya=2)=y(x-1) _
T (x=D(x=2)+y?

NG

. x?>+ >~ 3x +y + 2 =0 which represents a circle. Statement 1 is true.

Statement (2) is true, but statement (1) is not explained by it. Ans. : (B)
(75)  If |z =1 and z # % 1, then a possible value of arg (z) —arg (z + 1) —arg (z — 1) is ...... .
(A) % B) 3 ©) -5 D) &
Sol. : arg(z)—arg(z+1)—arg(z—1) = arg Z2Z_1]
—ag | 7= (v =122 =|P)
2?22 ' ’
=arg | 1_
-2
_ 1 _ .
=arg —j (z=x+1iy)
2iy
= arg (Purely imaginary number)
.. Alternative (C) is true. Ans. : (C)
(76) ¢ is a complex number with |c| = 1. If the roots of c¢z> + z + 1 = 0 are purely imaginary,
then tan (arg c) ...... .
V5-1 V5 +1 5 +1 V5-1
(n) 1 B) X © = O) 37

Sol. :  Suppose, z = iy is a root of the given equation. Suppose ¢ = cos o + i sin O
et z+1=0
So—(cosa+isinay?+iy+1=0
“(cosa -y =D+ (sina-y*—y)i=0
“Ycoso=1, ysino=1, v #0)
. yPcos o —)?sin? =0 = y*(sin* oL —cos o) = 0
1 —cos*> o —cos .= 0
cosPot+coso—1=0

cos o = —1445
2
5-1 —5-1
sect o= —3— = —2
6-2J5 3-45
2 _ J5-1
tant o= —=2= — 1 = N2~
-5 3-45
tan o = IJE_I = Iﬁ_l * s - Rz \/\/§+1 Ans. : (C)
V3-v5  \3-45 3++45 4 2 :

([
89
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