17 Definite Integration

Some Useful Results :

Integration as a limit of a sum :

Let f: [a, b] — R be a continuous function. Let 4 = for positive integer n. If we

partition [a, b] into n sub-intervals of equal length, then the division points are a, a + h, a + 2h
a + nh = b.

.....

b b—a n
Jf(x) dx = lm ( N j 2 f(a+ih), h=
a n— oo i=1

n
= hhgloh iglf(a + ih)

Fundamental Principle of Definite Integration :

If the function fis continuous on [a, b] and F is a differentiable function on (a, b) such that,

F'(x) = f(x), Vx € (a, b), then
b
[ 7(x) dx = F(b) — F(a)

Here, F(x) is a primitive of f(x). F(b) — F(a) is expressed as [F(x)]s,

b
| @) dx = [F@)]! = F(b) - F(a)
b b

(1) Jrede=]r@ad

b a
(2) Ifa>b, then | f(x) dx = —I[ F(x) dx

b a
(3) If a=b, then ,[f(x) dx=,[f(x) dx =10

Working Rules for Definite Integration :

If functions f'and g are continuous on [a, b], then

b b b
(1) J e £ glde =] f@x) dxt [ gx) dx

b b
@) [ kfe)de=k] fx) dv, ke R

b < b
(3) If a<c<b,then If(x)dx:.[f(x)dX+jf(x)dx
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Rule of Substitution for definite integration :

Let £ : [a, b] = R be a continuous function and g : [0, B] — [a, b] be an increasing or
decreasing (monotonic) function. x = g(f) is continuous in [¢, B] and differentiable in (o, [3).
g'(¢) is continuous in (0, B) and g'(r) # 0, V¢ € (a, B). a = g(cr) and b = g(B). Then

b B
i fx) dx = J fg@) - g0 di

Method of integration by parts for definite integration :

If f(x), g(x), f'(x) and g'(x) all are continuous in [a, b], then

b b
[ f@) g6) dx = [F(x) g0)]] = [ £'(x) glx) el

b b
i Fx) &) dx = [f(b) g(b) — f(a) ga@)] — J £(x) g(x) dx

If f(x) =u and g'(x) = v, then
b b P
— b _ | |au
iuvdx—[ujvdx]a i[dxjvdx]dx
Some Useful Results about Definite Integration :
a a
(1) If fis continuous on [0, a], then J fx) de = J fla—x) dx

0 0

b b
(2) If fis continuous on [a, b], then | f(x) dx = | f(a + b — x) dx

(3) Iffis continuous on [0, 2a], then

a

[ 1fe)+f2a—x1dx

0

2a
[ f@x) ax
0

2a a
(J) f@) dx =| 2] f(x) dx, if f2a — x) = f(x).
0

0, if f(2a = x) = —f(x)

(4) If fis continuous over [—a, a], then

[ @ =1 ¢ + /) ds

T f(x) dx = 2Z f(x) dx, if fis even,

0, if fis odd.
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(5) Ifthe function f(x) is a periodic function with period T, then

o +nT

f f(x)dx—njf(x)dx ne’z

o +nT

(6) 1If o= 0, then j F(x) dx = j f(x)dx=n j F(x) dx

o +nT o+T

(7) If n =1, then I f(x) dx = J f(x) dx = j F(x) dx

B+nT

®) [ f@)dx= Jf@ﬁk

o+ nT

O ot (2) - e

r

: Multiple Choice Questions :

% ‘/cot X
j dx = ...
0 Jcot x + Jtanx
i T 3n
A X ®) I © & D) m
T
2 ‘/cot X
Sol. : I = j dx (1)
0 Jcot x + Jtan X
? cot (% — x)
0 Jcot %—x)+‘/tan %
i
2 ‘/tanx
=] dx )
0 Jtan x + Jcot X
Adding (1) and (2), we get,
5y z
2l = j 1 dx = [x]?
0 0
_T _T .
21 = = So, I = T Ans. : (B)
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@)

G)

4

Jlx+2|de= ...

4

(A) 30 (B) 20

Sol. : |x+2|] =[x+2
{—(x+2)

(C) 50
where x = —2

where x < =2

4 -2 4
I=J |x+2|dc =] |x+2|dc+ | |x+2]|dx
4 4 -2

-2 4
=—I (x +2)dx + J (x +2) dx
—4 -2

1

== -@-8| +[B+8 -2 —4)]

) 5 4
} + [XT + Zx}
4 )

=—(=2)+ (16 +2) =20

a a—x _
[ oy &=
—a
—Tta
(A) =4
_‘1 a—x
Sol. : 1 = [ JJ——7— d

Let x = a cos20.

© =t

So, dx = —2a sin 20 dO

Now, x = —a = —a = a cos20 = cos 20 = —1

200=-n=6=12

X=a= a=acos20 = cos 20 = 1.

So, =0

0 |a—acos20 _

U =] YaTacosse (F2asin20)do
I
2

bid
2

=2aj tan O - sin 20 dO
0

=)
Q
&
<D

(D) 10
Ans.
(D) Ta
(0 <9<

© (B)
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)

sin*x dx
sSin x+ cos x

O'—.Nl?—]
Il

(A) V2 log (V2 —=1) B) V2log W2+ 1) (O) 5

sin*x dx
sin x+ cos x

- oM
Sll’l(2

)

i
2
Sol. : 1 = j
0
I
=]
0 sin(%—
n
_ T cos
0

2x
cos x + sin x

x) + cos(% - x)

Adding (1) and (2), we get,

\)
—
|
o—w|a

sin x + cos x

sin*x + cos*x

1

= ﬁ [log ‘ sec (x——

(7- sin x +

TCOS X)

dx

dx

— 75 [log W2 + 1) = log (V2 = 1)]

—f‘og[(

Y2 +1

V2 +1

o

B

V2 +1

|

Ans. : (D)

i
Flog W2+ 1) (D) Frlog 5 py

(D

@)
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L 21 = 75 log (V2 + 1)?
L2l = T log (V2 + 1)
=75 log (W2 +1) Ans. : (C)
1
%) f ‘ sin 34X ‘ dx = ...
37T 2T
A) 7 (B) 3~ © = D) <
1
Sol. : 1 :f ’sm%’dx
0
Now, s1n3725x‘—sm%,where,OS%Sn, i.e.xS% ie. 0 < <%
and ‘ sin 372“ szn% where, T < 3% < 3715 i.e. % <x<1
o 1
3
_ . 3T 3nX
I —(J) sznTxdx+£ ( sin > )dx
3
1
= % |: cos 3”}— + = [COS3TML
3
_2 2 _ 2 _2 .
=sg =D+ 57 [0-CEDl=5p C+ D =% Ans. : (C)
1
_J] G — [x]) dx = ...
(A) 0 B) 1 ©) 2 (D) % (IIT : 1998)
Sol. | =[x
1
I = I x dx — I [x] dx
-1
1
= {J [x] dx + J x] dx} (f(x) = x, is an odd function)
0
=—[-1+ 0] (-1 <x<0,[x]==1,0<x<1,[x]=0)
I =1
Ans. : (B)
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O'—.Nl?—l

@) log cos x dx = ......
-7 T 1 1
(A) =E log2 ®) L log2 (€) mlog L (D) ~mlog L
I
2
Sol. : I = [ log cos x dx )
0
s
2
= | log (cos(ﬂ - x)) dx
2
0
yia
2
I = [ log sin x dx 2
0

Adding (1) and (2), we get

s
2
21 =j (log cos x + log sin x) dx
0
b
o = | log 2sinxcosn) 4
0 2
i Z
2 2
21 = | log sin2x dx— | log 2 dx
0 0
Taking 2x = ¢, 2dx = dt
x=0=r=0andx=L =/=m
T z
_ 1 ; 2
21 —Ef log sin t dt — log 2 [x]
0 0
i
2
21 =%-2(j) logsintdt—%-log2
b
2
21 = | logsinxdx—%log2
0

21 =1—-L10g2

I =—Zlog2 Ans. : (A)

Note : Infact such integrals are called improper integrals.
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®)

)

x sinx dx
2

NN
a
I

For n € N,

0 sin?'x+ cos*x

(A) 0 ® = © m
27
Sol. : 1 = |

0 sin

x sin®x dx

x4 cosx

2r (2m—x) sin”"(2n — x) dx

o sin*(2m— x) + cos™ 2w — x)

ZJF (27 — x) sin**x dx

2

0 sin®x + cos¥'x

271 .
- J' sin“"x dx o
0 sin*x + cos*'x

2n

w21 =21
g sin*"x + cos*"x

sin®"x dx sin®"x dx

Tf
=470
0 sin*'x + cos®x

sin" (% — x) dx

sin?" (% — x) + coszn(% — x)

.21 gr

o—w|3

cos®'x dx

2] = 8m

o—w|a

cos®x + sin*'x

Adding (2) and (3), we get,

i
2 i
41 =8m | 1dx=8n[x]é = 412, So, I = 12
0
n
4
| log (1 +tanB) db = ......
0
(A) T log2 B) —L log 5 (©) Zlog 3
T
4
Sol. : I = [ log (1 + tanB) d®
0
i
4
= | log (l + tan(%— 9)) do
0

1-tan®
log (1 + 15700 tane) do

I
O'*—w-lkl?-]

fid
2
=87 |
0

T, A
(D) Flog >

(IIT : 1996)
(D) 2m?
Q)]
sin®"x dx

2

sin®"x + cos™x @
3)
Ans. : (O)
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I
o—=x|a
5}
(U]
VR
+
5“ ]
S
D
N——
S,
D

Il
o—=|a

)

ge
V]
QL
D

|
o—=|

=}

0Q
—_
—

+

S

S
D
=
QL
D

T
21 = (7) log 2. So, I = % log 2 = —% log (%)
62
log t
(10) J 2 di= ..
z
A 3 ®) 3 © 5

log ¢
SOl.!I:J = di

1 2
:_Jlogt dt+JlOgt di
t ] t

e

=~ L [(og 71, + 1 [og 01" =L 0-D+L4-0)=

t

(1) 165 +/(2) = F), where /() = J

1

log x
1+Xx

A) 3 B) 1 € 0

Sol. : F(e) = f(e) +f(2)

1
e

1 e
= f 8% v+ log x dx
1+ x 1+ x

1 1

Substituting, x = L in the second integrand, we get dx = — % du
u u

dx, then F(e) =

D) 3

1
2

+2=

(D) 2

Ans. : (B)
2 Ans.: (B)
(IIT : 2000)
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e

e
_ log x dx jlogudu
Fle) = +x T u(l1+u)
1

1

JlOngx Jlogxdx
+x T x(1+ x)
1 1

1
Jogx dx
1

=1
8
13) If f — I hen o¥ =
log2 (e" —1)2
A) 1 (B) 2
du _
Sol j T = %
log2 (e" —1)2

=2 Ans. : (A)
© -1 O) L -1
[0<x< L > 0<sinx<1; So, [sinx]=0]
Ans. : (A)
©) 4 (D) 5
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Let, e — 1 =172 (t>0) So, e du=2tdt

2t

et=17+1. So,du=tz+1dt

Now, u=log2 =>r=2—-1=1

u=x:>t2=ex—1:>t=‘,ex_1

g
3
L
Q
=
|
[S—

[
NP
I
=

& =4 Ans. : (O)

4
(14) If 4 F(x) = e x>0 and Ji esinx g = F(k) — F(1), then a possible value of £ is
e P P , then a possible value of k is ...... .
1

(A) 15 B) 16 C) 6 (D) &

. i _ esinx _ esinx
SOl"dxF(x) P = F(x) J P dx

4 4

3 3 3x2 .3

Now, I = j— SNX gy = | =5 &5 X dx

X X
1 1

Let, x3 = 1. So, 3x2 dx = dt
x=1 =D rt=landx=4 = r=64

64

| = J‘?s;’” dr = [F(r)]f4 — F(64) — F(1)
1

k =64 Ans. : (D)
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1
(15 If1, = (I) ¥ (x — 1y dx, where, n <5, n€ N U {0}, then, I; =

(A) 2e—5 (B) 8 —16 ©C) 2—e (D) 16 — 6e
1
Sol. : 1, =J(;exx—1)”dx
1 1 1
In=[(x—1)”-ex]0—n(j)(x—l)”‘ e* dx
— 1
L =D —unl,
1
Iy = ,[ efdx=e—1
0
If n=1, then I]=(—1)2—IIO=1—(e—1)=2—e
If n =2, then 12=(—1)3—2Il=—1 —22—e)=2e—-5
If n=3,then I;=1—-3],=1-3Q2e—5)=16 — 6e Ans.
T
(16) Jln (1 +cos x)de=.... (/n=natural logarithm = log,)
0
A) Zin2 (B) Tin2 ©) —Z 2 (D) -1t in2
T
Sol. : 1 = fln(l + cos x) dx
0
T T
= Jln(l + cos (L — x)) dx = Iln(l — cos x) dx
0 0
Adding (1) and (2), we get
T T
21 = Jln (1 + cos x)(1 — cos x) dx = Jln sinx dx
0 0
T
21 =2Iln(sinx)dx
0
g
7 . T
=4 [ In(sinx) dx=4(—31n2)
0
21 =-2mwin2
[ =—min2 Ans.

(D)

(D

@)

(D)
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1
a7 [tanr' (0 = x +x2) dx = ......
0

T T
A = B) -
1
Sol. : 1 = [tan!' (1 —x + x?) dx
0
1
_ T _ 1 _ 2
—(J)[? cotr (1 x+x)]dx

1
T
g;dx—

]dx

1
| tan! S—
0 I—-x+x

1—-x(1—x)

(tan'x + tan’'(1 — x)) dx

Il
Nm
O

Il
wﬁ
O—

I
2

O t——

1
r_- J tan'x dx
2 0

1

L _- [x tarr'x]1 - J dx
2 0 1+ x?

0

1

T
7_2(1 1+x
0

(18) If g(1) = g(2), then J [f {g(x)}]!

A 1 (B) 2

2

= [ [f {11!

1

Sol. : I  f(gX) - g'(x) dx

Let, f(g(x) = ¢

(C) In2

1
T gy — | tan! (_<X>+<1—x>) v
0 0

tan~'x dx — J tan”\(1 — x) dx

©) 0

m)g—mz

(1-x+x2>0)

O<x<1,0<l-x<1);x(0-x)<1)

1
tan”'x dx — j tan”\(1 — (1 — x)) dx
0

o ) 2x ; 21_1
iU e 2dx—3——+[n(l+x)]0—n2

Ans. : (C)

- f'(g(x)) - gx) dx = ......

D) —I

So, f'(g(x)) g'(x) dx = dt
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When, x = 1 = ¢ = f(g(1)) and x = 2 = ¢ = f(2(2))

flg@) | (3
I = T dt = [log{] |
flg) fgD)
=log | f(g(2)) | — log [ f(g(1)) |
=0
! I
(19) If 1, = [ (1 = x59100 gx and 1, = I(l — x50)101 g then I—l
0
5051 5051 51
A 50 B) o © 5

Sol. : 1, = [ (1 —x50)101 gy

—_

J (1 _ xSO)(l _ xSO)lOO dx

I
O

1
(] _ XSO)IOO dx — J XSO(] _ xSO)lOO dx
0

1
L =1 - fx(] — x30)100 . 49 gy
0

1
)C(] _x50)101 . 1
IzZIH{T A —Wg(l = x20)101 dix

L=1,+0- 5050 I
L =5 (1 + 5050)
_ 5051
I} =50 12
I _ 5051
I, 5050
1000
Q0) [ e Wl agx=..
0
£1000 _
(A) 1000 B) ——; (C) 1000 (e —1)
1000
Sol. : 1 = [ Il g
0

¢* Il is a periodic function with period 1.

1000

I = I e~ X1 gy
0

(g(1) = g(2)) Ans.

o &
Ans.

e—1

(D) 1000

- (0)

(A
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1

= lOOOIex‘[x] dx; Now, for0 <x<1,[x]=0
0

1
= 1000 | & dx
0

1
= 1000 [¢*]
= 1000 [e — 1] Ans. : (C)
. n n n 1 _
@1y lm [ ot it Ere et g =
A 1 ® 2 © = D) 0
. n n n 1
Sol. : fim_ [ 1 Tk ra Tty Tt 2n]
. n
:nhr—)noo r=1 n2+r2
. & 1 n
— hnl —_—
n — oo rgl nz 1+(L)2
n
n ! 1
= llm Z - 2
n—e r=1 N H_(L)
n
1
:J : > dx
ol+x
= Ttan-! 1
= [tan x]0
:% Ans. : (C)
I
2
; 2
22) J(s‘”“w”) dx = ...
1+ sin 2x
0
(A) 3 ® 2 © 1 D 0

I
2

. 2
Sol : 1 = (sin x + cos x) s

0 J1+sin 2X
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I
2

_ J (sin x + cos x)?
0

J(sin X + cos x)?

=T(sinx+cosx)dx (O<6<%)
0
= [—cos x + sin x]O% =0+ —(-1+0)=2 Ans. : (B)
23) Iffy)=¢€,2»v)=y,y>0and F@¥) = (j)f(t — ) gv) dy, then F(r) = ......
(A —t—1 B) 1-e! ©) =1+ D) t-e+1-1

(AIEEE : 2004)

t
Sol. : F(f) = (J) f(t—y) gb) dv

et_y.ydy

O~

t
e’je‘y-ydy
0

t

t
e {[—y ey =1 e dy}

t
=e {—t-e'+ [=e™1,}
=e {—t-el—e!+1}
=—ted—el + ¢
=—t—1+¢
=el—(+1) Ans. : (C)

Ay 0 ®) 1 ©) D) =«

e
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x=% = (=2andx =2 = tZ%

21 =0. So, =0

Let, x = tan®.

= So, —? dx = dt

So, dx=—=L dt
t

©

[(SY[=N

Hence dx = sec?0 dO

“x=0 = 0=0and x=c0 = 6=%

fid
2
sec’0 do
(tan® + sec9)?

I =

(=]

cos9
(1+ sin®)’

I
OHNI:I

D)

Ans. : (A)

(Improper integral)

oo |w
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(1 + sin ©)73 (cos 0) dO

o—uw|a

T

B (1+sin€)_2 2 I 1 (3) 3 )
- [——2 ) [2_1] - (T) -3 Ans. : (D)
0
1
(26) If J —_ € [a, b], then [a, b] = ...... where [a, b] is the smallest possible interval.
X
0
1
@A) [3.1] (B) [ﬁ’l} ©) [0, 1] o) [3.1]
Sol. : 0<x<1 =0<x*<1
= 1<1+x*<2
S1<yl+dt <42
1 1
- < <
2Ty S
1
= % < ,[ 1 dx <1
270 ‘/1+x4
1
[a, b] = [f’ 1} Ans. : (B)
0
27 I (x3+3x2+3x+3+(x+ 1) cos (x + 1)) dx = ......
2
(A) —4 (B) 0 ©) 4 (D) 6
(1T : 2005)
0
Sol. : 1 =] (3 +32+3x+3+@+1)cos(x+ 1)) dr
)
0
= [ (@+ 13 +2+ (x+1)cos(x+ 1)) dx
;)
Let, x +1=1¢ So, dx = dt. Hencex=—2 = r=—landx=0=>1r=1
1
I = I (P + 2+ tcos t) dt
=
1 1
=] B+tcostyd+2] dt (3 + t cos t is an odd function)
= 4
1
=0+2[1] =201+1)=4 Ans. : (C)
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3
2
(28) j [x2] dx = where [ - | denotes the greatest integer function.

(A) 2+ 42 B) 2-2 (C) —2—42 D) =2+ 2

0<x<l = 0<x(<1l = [x3]=0
l<x<42 = 1<x2<2 = [¥2]=1

V2 <x<3 = 2<x2<225 = [2]=2

3
1 V2 2
I =j[x2]dx+ I [x2] dx + j [x2] dx
0 V2
3
1 V2 2
=Joax+ [ lde+ [ 2dx
0 1 2
VRN
= + ]2
]+ 126
=(W2-1D+3-242)
=2-42 Ans. : (B)
3n
2
(29) j [2 sin x] dx = ...... , wWhere [ - | denotes the greatest integer function.
7
(A) —T (B) 0 (©) —% (D) % (IIT : 1999)
an
2
Sol. : I = | [2sinx] dx
b
2
Let x=%+t. So,dx=dt.x=% :>t=0andx=37n:>t=n

T
I =j [2 cos t] dt
0

0<i<L = 1<2cos1<2 = [2cost]=1

§<t<g = 0<2cost<1 = [2cost]=0

§<t<%’t = —1<2cost<0 = [2cost]=-1

27“<t<n = —2<2cost<—1 = [2cost]=-2
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=L _T_2n__T Ans. : (C)

30) { (x=3|+|x=1)dc=...

A) 2 (B) 10 ©) 12 (D) 21

Sol. : 1 =) (|x=3|+|x—1]) dx

—— N

Il
—— W

5 5
Ix=3|dc+ ] |x=3|dc+ ] |x—1]dx
3 1

3 5 5
={ (—x+3)dx+£ (x—3)dx+{ (x— 1) dx

=12 Ans. : (O)

3
31 | log|x + \/x2+1 | dx = ...
-3
(A) 0 (B) log3 (©) log (19 + 64/10) (D) log 1

Sol. : Let f(x) = log | x + \/xz +1|
o f(=x) =log | —x + ,/xz +1

[ 2 \/x2+1+x
=log ( X +1—X)ij

x2+1—x?
= log ,/x2+1+x
1 2
~ log === —log (x> +1+x) =—
T =T

I =0 (f (x) is an odd function.) Amns. : (A)
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1
(32) (I)log(,/l-x + T+ x)de=..

(A +[log2 - T +1] B) +[log2+Z 1]

©) 1llog2- L +1] D) L[log2+Z 1]

[

Sol. : I (j)log(,/1_x+\/1+x)dx

1

=[x log (JT—x +J1+x) l[s/l—x+‘/l+XJ[2\/Il—x+2J11+x].de

L )
:logs/5+ J(‘/(1+x+‘/1x),/)1—x

:l]°g2+lj (m—m)z.x
2 2 0(\/H_x+\/1_x)(J1+X_Jl—x)\/l—x2

dx

[log 24+ L _ 1] Ans. : (B)

in (11
(33) Jw dx= ...
1

(A) 0 (B) 2 (C) 37 (D) 74




Sol. : 1

Sol. : 1

637

_ J 7 sin (T log x)

X

dx
1

Let T log x = ¢ So, %dx = dt.

x=1 = t=0 andx=¢"= =37

= [—cos t]o =—[cos 3Tt — cos 0] = —(—1 — 1) =2 Ans.

B) -1 © 3 D) 3
1
- Jcos (2C0l_1 ]_XJ dx
1+ Xx
0
Let, x = cos0. So, dx = —sin® dO

x=0 = 6=% andx=1 = 0=0

0
_1 |1 —cosO

- fcos [ZCOI ! mj sin® do

I

2
I
2
J cos (2cot_1 (tan%)) sin® dO (0 <%
0

w|D@

ot ——ula

cos {2 cot™! (cot (% -

))}Sinede (0<%<%—%<

cos (Tt — 0) sinB dO

O%NI?—!

+ (B)
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tan x

(3%5) {

|
o —— |

V.4
_ 1 |cos26 |2
2 2

—cos0 sind do
T

1 2 .

3 j —sin 20 dO
0

0
1 — Ll _11=-1
7 [cos — cos0] = 4[] — 1] = =5 Ans.
cot x
J_dar _
l t(l_'_tz) ......
1
(B) 0 © T (D) e
tan x cot x
_ ] rar | dt
1 oq4s? Lot(+e?)
e e
Let I =1, + 1,
tan x cot x
dt dt
where, 1, = { — and I, = { RETD)
e e
cot x
_ dt
Now I, = 1+ 1)
B
_ 1 _ 1
Let, t = — So, dt = — =5 du
u u

t=ﬁ = wu=e andtr=cotx = u=tanx

B J. udu
. U +1
l tan x
¢ udu du
_{J. T T J 2}
1 tu 1 1+u

*(A)
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1 1
I, =—f— dr— { ! a’t:—th dr — 1,
e e

1 =3 log(2+1)]°
=_71[log e—lz+1’—log|e2+l|]
=_7110g (6—12) =_71X—2Xlogee=l Ans. : (A)

2
(36) Ifaf(x)+ﬁf(§)=§—5,x¢0anda¢ﬁ,then{f(x)dx= ......

20tlog 2 — 500+ 3B 3alog 2— 700+ 53 olog 2— 500+ 3B 20tlog 2 — 1000+ 7P

20-p) O Ta@-py O T2 P T e

(IIT : 1995)
Sol. : o f() + B (L) =L -5 (1
Replacingxbyi in (1), ch(i) +Bfx)=x-5 )
Multiply (1) by o and (2) by B, then subtract,
(02 — B?) f(x) = < — 50— Bx + 5P
1 o
F0 = 7y 1%~ Br s - B
, 2
_ 1 @ _ —
Now, [/ dv = ot ![x Bx — 5(c. — B dx
1 2 2T 2
= (052— BZ) {a [log x]] - B IiTjL —5(00 — B) [x]l]
e {olog2 -2 B~ 500~ B
_ 20tlog 2— 1000+ 73 Ans. ¢ (D)

2(07 = B?)
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(37)

(38)

} dx
x>+ (ZCosoc)x +1

(A) 200 8in O (B) 25in o

dx
x? + (2cosou)x + 1

1
Sol. : 1=
0

dx

(C) o sin o

I
Ot——

dx
(x + cosat)? + (sinan)?

1

1 _1( X +cosOl

= " tan _—
st o sin oL 0

I
O =

1 _1[ 1+ coso _
= = tan | ———— |—tan
sin o sin o

2 O
1 . 2cos*F

sin o 2 sin cos <

= tcm_1 (cot%) —

_ 04
To2sin o
log 2
X -
J sin ¢ dx = ...
e’ +1
log%
A) 2 cos% (B) cos%
log 2
X -
Sol I = J sin ¢ dx
: e’ +1

(x% + (2c0s0c)x + cos’a) + (1 — cos’al)

1[ coso
sin o

— tan (cot O():|

o on(3 -]

(C)2log2

(D) % sin O

0<ac<

Ans.

(D) 0

Z)

+ (B)
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Let, f(x) =sin

f(=x) =sin

e r —1
e r +1

1—e" et -1
= —sin =—f(x)
1+ e e’ +1

f(x) is an odd function.

= sin

S (=x)

=0 Ans.
log 2 X _X log 2 X X
e2—e 2 e2 _e 2
Second method : [ = sin |~z x| dx = sin | — — | dx
log% e?+e 2 —log 2 e?+e 2
XX
2 _,2
f(=x) =sin e_i el
e 2+e?
X _x
e2 —¢ 2
=-sin|"x _x | =-f(
e2+e 2
=0 Ans.
16
39) | tan ! yWx-1) ax= ..
(A) L 32 B) 4L -343 (©) L& —243 D) 3L 242
16
Sol. : 1 = J tan™! \/(s/;—l) dx

1
So, dx = 4 sec30 (secO tanB) do

x=1 = 0=0
x=16 = 9=sec‘1%=sec"2:%

Let, x = sec*0.

[ =4[ 0sec30 (secO tand) d0

o—w|a

(D)

(D)
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wla

=4 {[e . 56646:‘? _ (1 . Se—i4ej de} (J. (Sece)3 (sece tane) do = 53249)

(=)
[«

fud I
3 3
- 16375 — j sec?0 do — j sec?0 tan’0 do
0 0
L | tar |3
:an—[tanG]g —[ 3 }
0

:16_75_(‘/5_0)_(%—0):16775—(\/§+\/§)=167n—2s/§ Ans. : (C)

3
40) If 1 —}ml " dx, wh N, then —20—
(40) (m’”)_o x" (1 — x)"" dx, where m, n € N, then Tmtin_p
n m m—1 n—1
A) s ®) 7 ©) >0 D) =
1
Sol. = I, ) =£ XM (1 = x)" dx
. xm+11 1 Fmtl
= | (=x)" s 0—£ n(l=—xy" =1 (=) =7 dx
" 1
=0+ 70 g B S
_ n
I(m,n) T m+1 I(m+1,n—1)
Ymn) Ans. (A
lms1,n-1) m+l1 ns. & (A)
t 2
(41) The value ofj (1 +e™7) dx lies in ...... interval.
0
1 1 1
(A) 0. 1) ®) (£.1) © (£2) @) (1+1.2)
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Sol. : 0<x<1
0<x?<1

2 2. . . .

eV < e <ol (e¥”is an increasing function)
2

I<e<e

T<—S<l
e.x

1+é<1+€#<2
; 2
(1+§)(1—0)<J (1 + &) de < 2(1 = 0)
0

1

(1+§)<j (1 + e dy < 2
0

1
The value of J (1+ e‘xz) dx lies in the interval (l + i, 2). Ans. : (D)
0

(42) If the function fis defined for real positive numbers and

k k 1
if I, = | x-f{x(l—x)}dcand I, = [ f{x(1 —x)} dx where 2k — 1 > 0, then I;: ......
1-k 1-k

(A) 2 (B) 1 (C) % (D) 3 (IIT : 1997)
k
Sol. : 1, = [ x-f{x(1—-x)}dx
1-k
k
= [ (1 =-x{0-x01-(1—-x)}dx a+b—-—x=1-x)
1-k
k
=1_Ik (1 =x) f{( —x) x} dx
k k
Ilzl_jkf{x(l—x)}dx— _jkxf{x(l—x)}dx
I1 I2 I1
21, =1,
I

1 .
=3 Ans. : (O)

2
(43) { e+ )3 + cos?(x + 3M)] dx = ......
2z

*) 3 B F-1 © % o E+Z

932



2
Sol. : 1 = j [(x + T)3 + cos?(x + 3m)] dx
_3n
2
_r
2
= J [(x + )3 + cos*(x + T)] dx
_3n
2
Let, x+m=¢t So, dc=dt
__3m __ = __ = _=
x——7:>1——3 and X=-3 :>I—7
I
2
= | (£ + cos?t) dt
_I
2
=0+2 J cos*t dt (3 is an odd function and cos?f is an even function)
0
I
2 g
_ (1+ cos 2t) sin2t |2 g .
—2J > dt t+ 0—7 Ans. : (A)
0
n
2
sin x
(44) (1+ cos x + sin x) X = s
0
A) L —Jlog2 B) L -2log2 (C) m—log2 D) L -2log2
I
2
sin x
Sol. = 1 = j(1+cosx+sin x) dx M
0
g
1 sin (%— )
:J1+c0s T —x)+sin o
0

coS X
1+ sin x + cos x

(@)

I
© Y v|a
=
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Adding (1) and (2), we get,

sin x + cos x

21 -
1+ sin x + cos x

I
o Y——

_ J (1+sin x + cos x) — (1) e

(1+ sin x + cos x)

g g
2 2
=J1dx—J —1 dx
1+ sin x + cos x
0 0

_ X
I
2
Now, I, = - dx
> 1 1+ sin x + cos x
0
2dt
x: = = 5 I =
Let, tan7 t. So, dx 12> Sinx
x=0 :>t:0mdx:%::r=1
1
1 2dt
l,= | ——4——. 5
1 | 2 1—£2 1+t
+—=+
0 1412 1+¢2
1
_ 2dt
) 2(1+1)
0

1
= [log (1 +t)]0
=log2 —log 1 =log?2
_z
21 = —log2

I=%— log 2

2t
1+

cos X =

A3)
1— 12
1+ 12
(substituting in (3))
Ans. : (A)
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(45)

I
2
X Sin X cos x
(sin*x + cos*x)
0

(A) 0 ® -t © = ® E@-1

X Sin X cos x

Sol. : ;
(sin*x + cos*x)

L
I
o Y—nla

Il
S e ]
—_
SE
=<0
S
| =
|~
wla| o
[
|
=
SN —
Q
QS
(29}
—_
wla
|
=
S—
IS8

(%— x) cos X Sin x

— S dx
sin*x + cos*x

Il
o — |3

T .
Tsmxcosx X Sin X cos x

cos*x + sin*x cos*x + sin*x

P,
I

o Y—— 3
|

o Y—— 3

- 4 _4_

szn XCOoS X
Iz%J dx — 1
Sll’l X+ cos x
0

tan x sec’x dx

ol
S — 3

21 = Py (dividing numerator and denominator by cos*x)
Let, tan*x = t. So, 2tan x sec*x dx = dt
x=0 = =0andx=F = r=-co
T e e 1 e )
a =L So. 1= Ans. : (C)
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(A) —T B) & € n (D) 21
T
2
Sol. : 1 = JM dx (i)
1+a*
—T
T
=J%§;f)dx (x = a+b—x)
T
a* cos*x
= J dx (ii)
a* +1
—T
Adding (i) and (ii), we get,
T
of — J cosx ax cos’x g
1+a® 1+ a*
-7
n T
+ 2
21 = Jcoszx dx =2j (1 o x) dx
n 0
sin2x "
20 = [ x+—5
0
= [t —(0)] =
1=% Ans. : (B)
o f(a) fla) I,
@7 If f(x) = <, 1 = j x g{x(1 —x)} dx and | _[ g{x(l —x)} dx, then 7= = ......
1+e* 1 2" I
f(=a) f(-a)
(A) = B) 1 <) = (D) 2 (AIEEE : 2004)
ex e(l —a 1
L /)= Ty =@ = Toor and f(=0) = T4 o0 = o

fla) +f(=a)=1
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Let, f(a) = k. so f(—a) =1 — k

k
L= | xg{x(-x)}dx
1-k
k
= [ (1-x)g{(l-x)01-1-x)}dx x = a+b—x
1-k
k
11=1jk (1 —x) g {x (1 —x)} dv
k k
L= | gix(=-x}de— [ xgix(1—x)}dx
1-k 1-k
I, =L -1,
2, =1,
I,
1, "2 Ans. : (D)

e~ sin X, where x| < 2

3
48) If f(x) = {  then | £(x) dx = ...
2 -2

, otherwise
(A) 0 B) 1 ©) 2 (D) 3
(IIT : 2000)
3
Sol. : 1 = | f(x) dx
2
2 3
= J2 f(x) dx + £ f(x) dx
2 3
= f ec"sx-sinxdx+_[ 2 dx
2 2
3
=0+2 [x]2 =2[3-2]=2 (e€%S ¥ « sin x is an odd function) Ans. : (C)

49) J 2x(1+ sin x) _

(1+ cos*x)

(A) 0 (B) 21 © & (D) =

n

Sol. : [ = J—”“””Z IR
(1+ cos™x)
—TT
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-7 —TT
X sin x . Xsinx
I=0+4 ! Troox X (1+c0s2x is odd and 1+ cosix 1S even) (1)
T
T — in (1T —
_ [Eninmen
1+ cos” (T —x)
0
T
_4 (Tc—x)szinx e
1+ cos’x
0
T T
I=4TCJ sin x dx_4jxsinx e
1+ cos*x 1+ cos’x
0 0
T
I = 4m J% dx — 1 (Result (1))
0
T
sin x dx
2l=4n | ———
1+ cos“x
Let, cos x = t. So, —sin x dx = dt
and x=0=t¢r=land x=T = 1=-1
-1
B —dt
A =4n | 772
1
1
dt 1
21 = 47 J 2 C 4 [tan—lr]_1
-1
1=on|2-(-Z)| = on (£) = o2 Ans. : (D)
107
(50) | |sin x| dx= ..
0
(A) 5 (B) 10 (C) 20 (D) 25
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101

Sol. : [ = f | sin x| dx
0
I
=10 f | sin x| dx (T is fundamental period of |
0
I
=10 f sin x dx
0
T
=10 [—cos x]0 =—10 [cosT® — cos 0] =—10 (=1 — 1) =20 Ans.
1 1 2 2
G Il =] 2% de, I,=] 27 ax, 1;=] 2% deand I, = [ 2% dx, then ...
0 0 1 1
A) 1, >1, B) L>1, © I, <1, D) =1,
(AIEEE

Sol. : Here, x2 > x3, Vx € [0, 1], x2 <x3, Vx € [1, 2]
22523 Yy e [0, 1], 2% < 2%, Vx e [1, 2]

2 2
23 gvand | 22 dx < [ 2% dx
1 1

Ot

1
[ 22 ax >
0

I, >1, and I; <1y Ans.

(52) If f: Rt = R and F(x) = )JC f(f) dt and F(x?) = x2 (1 + x), then f (4) = ......
0

(A) % B) 2 ©) 4 (D) 7
(1T

Sol. : Here, F(x) = (J) () dt
F(x?) = J S0 dt
0

x2(1 +x) = xj £ dt [F (x2) = x2(1 +
0

Differentiating on both sides,
x2 (1) + 2x (1 + x) = f(x3) - (2x)
3x2 4+ 2x = £ (x2) - (2x)

fa@)=3x+1

Putting, x = 2, we get, f(4) =4 Ans.

sin x )

(Y

:2005)

P (A)

£ 2004)

X)]

$ (O
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1
(53) If [ 2f@di=1-sinx xe (0.Z), then f(ﬁ) =

sin x
L 1
A) 7 B) 3 (©) V3 (D) 3
(IIT : 2005)
1
Sol. : f 2F@) dt=1—sinx
sin x
Differentiating on both sides w.r¢. x,
0 — sin*x f(sin x) cos x = —cos x
, 1
flsinx) = "Go0
1
f) =77
f(ﬁ) - WB)2=3 Ans. : (D)
)C
J cos x - cos /0 dy
B4 If yx) = i szan_ dO, then Soax =T is ... ) (x> 0)
T[
16
(A) 0 B) & (C) m? (D) 2w
(IIT : 2004)
2
cos X cos\/_
Sol. : y(x) = J
) 2 1+ szan_
16
2
= cos x J ﬂ do
2 1+ sin® O
16
Differentiating both sides w.r.t. x,
x2 J_
ﬂ=—sinx- -[ s do | + | <22 oy | cos x
dx m 1+ szan_ 1+ sin’x o
16
@H 21 (—1)*
(dxl—n =[0] + T o 2
dy
dx =27 Ans. : (D)
X=TU
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x2+1

55 If f(x)= J e dt, then f(x) is an increasing function in ...... .
2

X

(A) the interval [-2, 2] (B) the interval [0, oo]
(C) the interval (—oo, 0) (D) for no value of x.
(IIT : 2003)
x? +1
Sol. : f(x) = | e"a
2
) = e @E DT 0y — @D L 0
g(x)
(F(X) = J f@dt = F@)=flgW)] - gx) — flh(x)] - h’(X))
h(x)
F) = @0 et D
= (20 () [@? D - 1]
= (20 @) (1 = 22+ 1y =2+ 1)
Now, e(2x2+1)> e>1=>1 —e(2x2+1)< 0
and > 0, 22+ 1) 5
Now, if fis to be an increasing function f'(x) > 0 is necessary.
If f'(x) > 0, then 2x < 0 i.e. x < 0
So, if x < 0, then f'is an increasing function. So, f'is an increasing in (—oo, 0). Ans. : (C)
(56) Function f(x) = )fcl tEe—D@—1) - 2)3 (t — 3)° dt, has a local minimum at x = ...... .
(A) x=0and x=1 B) x=0and x =2
(C) x=1and x=2 (D) x=1and x=3
(IIT : 1999)

Sol. : f(x) = )ICI tEe—=D@=D@=27°@=3)1d

f'@) =x =)= 1) =27 x-3)°
Now, for local maximum or minimum values, we must have 7'(x) =0
=D E=-DEx=-2°x=-3P=0
x=0orx=lorx=2orx=3
f may be a local minimum atx =0, 1, 2 or 3.
Now, for using small positive number 4,
i f'(O=—h<0and f(O+h) <0
Hence, at x = 0, f has neither a maximum nor a minimum value.
@ f'0—=h<0and f'(1+h)>0
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7

(58)

Hence at x = 1 there is a local minimum.
(i) f'@Q—h>0and f'Q+h) <0

Hence at x = 2 there is no local minimum.
i) f'G—hy<O0and f'G+h) >0

Hence at x = 3 there is a local minimum.

. Atx =1 and x = 3 there is a local minimum.

im > —4— —
n— oo Zl (n+r)’
A) 5 B) % © £
n
. n
Sol. : nthw rgl (l’l+l’)2
n
= z[n T
i nl1+L
T T 1
- nthoo n g

r
If 1, = !) tan"x dx, then nthw nll, +1, 1= ...

(A) 0 ®) 3 ©) 1
I I
Sol. : I +1 ., =] tan"™x dx + | tan" * %x dx
0 0
i
= j tan”x (tan*x + 1) dx
0

tan’™ -+ sec’x dx

T
B ta* 1 x |*
N n+i

0

1
O—r|a

Ans. : (D)

D) =

Replace % by x, % by dx and X by I]

Ans. : (D)

(D) oo
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. . n
nhinoo n[In+In+z] = nhinoo (n+1)

=1 Ans. : (O)
2
. % cott?dt
59) fm [
xX—=>0 o X Sin X
(A) -3 (B) 1 © 3 (D) 2 (1T : 1997)
% cort? di
Sol. : lim | ———— is required.
xX—=0 X Sin X

x2

Let f(x) = f cos 12 dt and g(x) = x sin x
0

0
Now, £(0) = | cos?dt=0 and g(0) =0 sin 0 =0
0

= lim

x—0 § Xsinx x>0 gk

x? 2
t° dt : ’
| < 2 £ ) (L-Hospital’s rule)

(cos x*) (2x)
X—>0 XCOSX+ sinx

2[—x (sin )64)4163 +cos x* (]

= ]jIn -
xX—0 —XS8inx+cos x+cos x
. A s 4 4 +1)
_ i 2L sin x +cos x*] _ 2(0 2 :
x—0 2¢08 X — X sin x 2()—0 2 I Ans. : (B)
C ) C .2
(60) lm L qfeMrdi— [ rdr e~
x—>0 X y x+y
(A) siny-e (B) 0 (C) esin (D) sin 2y - 5>

c s c .9
J‘ PRUG tdt_ J‘ PRUG t dt
y

x+y

Sol. : Let X = lm
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xX+y
Now, let f(x) = | S g and g(x) =x
y

£(0)=0 and g(0) = 0

xﬁglo % - xﬁglo g: gg (L-Hospital’srule)

)
eSin (x+y) d

= lm dx (x+ y)
xX—0 1
= x]jgo esinz(x +y) — esinzy Ans. : (C)

f(x)
4¢° dr
(61) If f: R — R is a differentiable function, /(2) = 6 and f'(2) = ﬁ, then @2 6 = e
o x=2

(A) 32 (B) 26 (C) 18 (D) 12 (AIEEE : 2005)

£x)
Sol. : Let, g(x) = | 43drand h(x) =x —2
6

@ 6
then g2)= | 48di=] 43 dr=0and h2)=2-2=0
6 6

= lim =— (L-Hospital rule)

— lim Hf@P (%)
1

xX—>2

=4/ @) S =4x63 x5 =18 Ans. : (C)

() tog (1) (B) log (%) (C) log (%) (D) log (Z—;j
Sol. : ]i;nw % > 1 log (14.%)

Replacing % by x, % by dx and T by |,

. . +1 .
and lower limit of integration = lm < = lim  — Im (1+i)=l (r=n+1)
n—o Nn n— oo n n— oo n
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2n

Upper limit of integration = lim L- fm 2
n—o N n—o N

2

m L3 (1+")—J1 d
n%wnrzg‘ﬂ og - —10g (1 +x) dx

2

2 x dx

= [)clog(l+)c)]1 — Jm
1

1+x

2 2
=log%—Ja’x+J%
1 1

=log 3 — [x] + [log 1+ )]

2
=2 log 3 —log 2 — JXH_I dx
1

=log%+log3—log2—l

= log % (1 =1loge) Ans.

2n
r J—

im < —_—
) Jim X e

(A) V2 -1 B) V5 -1 (C) 243 =5 (D) 542 —3

—_—

- L 1 LU
64) nhinw {n+n+1+n+2+"'+4n}_ """

(A) log?2 (B) 2log3 (C) log4 (D) % log 5

2
1 ==X _ . _ 1 2| = _
=7 o dx—ZI: I+x :|0 (Jg 1) Ans.

=2 (r = 2n)

P (A)

+ (B)
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. 1 1 1 1
: -t ——t+——+...+—
Sol. : nthm {n n+1 n+2 4n}

5
M

Il
My
Iii
7~ N\
+ p—
I~
N—

3
1 3
= dx = [log (1 +x)] =log 4
5 dv=llog (1 + 0] = log
: 1 2 1T 221 2nm | _
(65) nhinw . [sec 5 sect T+ sec 4n}_ ,,,,,,
2 T 4
(A) 2 ® Z © %
ST 1 2 T 221 2 nmt
Sol. : nhgnw . [sec 4n+sec n + ...+ sec 4n]
n
. 1 21T
= lm -— sece —
n—o N r;l 4n
1
:j sec? (%x) dx
0
1
tan(%x)
_ _ 4 n_ _4
= (ﬂ) = 70 |tan7 tan(Q| = T
4 0
, 199 +2% +3% + ..+ n%
(66) nhgloo ( 17100 =
101 1 9
(A) 100 (B) 101 (C) 100
: 199 +2% +3% + ..+ n”
Sol. : n]linoo ( 17100
99
et 50
n—oo N r=1 n
1 100 !
= | x99dx:[x } - L
0 100 100
. 1 21,2 222 .3 2 32 1.2
67 Iim [—sec — + = sec” =+ = sec” =+ ...+ = sec 1} =
(67) nee | 12 22 2 52 ) n
(A) 2 tan 1 (B) 5 fan 3 (C) 2 tan 3

Ans.
D) 1
Ans.
1
D) 10
Ans.
(D) % tan 1

(Y

(Y

+ (D)

(AIEEE : 2005)
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n n- n n- n n
2
= lm Lseczilezsecz 2i+ 32 se02 322+ +—se02n2]
n—oo | N n n n n n n? n
n }"2
= im L1 X —secz(—z)
n—oe p r= n n
n 2
= m L1 X (ﬁ) sec? (Lj
n—e p r=1 n
1
= f x sec? (x)? dx
1
= % J sec?t dt
0
1
= % [tan t]O %(mn 1 —tan 0) = 1 tan (N Ans. : (D)
(68) If f(x) = A sin (% x) + B,f'(%) =42 and f f(x) dx = A , then constant A and B are .......
respectively.
(A) L and L (B) = and = (C) 0 and = (D) = and 0
(II'T : 1993)
. _ . (x
Sol. : Here, f(x) = Asin (£x) + B
Let, x2 = 1. So, 2x dx = dt. So, xdx = % dt
_ T _ _ _ _
f'lx) = —cos(;x) x=0 = =0, x=1 = =
f’(%)ZATncos(n) ZJ_ ﬁ SO,A=%
Note : Here we can decide that answer is D.
1
Now, _[ f(x) dx =<
0
1
J Asm TCT +B) dx = 2A
0
2A oA
[TCOST+BxL =T
B+28=28 So, B =0
A=2 and B = Ans. : (D)
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X

69) If g(x) = | cos* di, then g(x + ) = ......
0

(A) gx) + g(m) (B) glx) — g(m)

X

Sol. : g(x) = j cos*t dt
0

T+ X
gx+m = J cos*t dt
0
T T+ X
= j cos’t dt + J cos*t dt
0 b
gx+m =1, +1,

I

J cos™t dt = g(T)
0

L

m+Xx

J cos*t dt
T

I
Let, =T + O.

X X

I, = | cos*(m+0)dO =] cos* dd =
0 0

gx + M = L +1,= 2(m) + g(x)

x sin x*

J sin x* + sin (log 6 — x?)

(A) T log3 (B) 1 log2

x sin x*

dx

sin x* + sin (log 6 — x?)

e
O |e—rn©O
-5
Nl W

©) g() gm) 8(%)

Second method :

T+ x
g(m+ x) = j cos*t dt
0

X m+Xx

= | cos*t di + I cos*t dt
0 x

= &) + g(m)

(Period of cos* is T.)

So,dt=d0,t=T=0=0r=TT+x=>0=x

X

J cos*t dt = g(x)
0

Ans.

(C) log 2 (D) ¢ log 2

Let, x*> = . So,xde%dt

x=,log2 = r=log2andx= g3

log 3 sin t dt

sin t+ sin (log 6 —t)

I
Il

N =

—

log 2

log 3

sin (log3+log2—1t)dt

log 2

sin (log3+log2—1t)+ sin (log 6 —(log3+1log2—1t))

(D) oy (IT:1997)

G

(1T : 2011)

= t=log3

()
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log3

J sin (log 6 —t) dt

sin (log 6 —t) + sin t (1)

_ 1
=3

log 2

Adding (i) and (ii), we get,

_110g3 _ 1083 g _ 1 3
20=3 j 1 dt —E[I]Ing—5(10g3—10g2)—510g (5)
log 2
1=1d10g (2) Ans. : (A)
%
T—Xx
(71) j (x2+10g 11:+x) cos x dx = ...
-2
n’ T’ n’
(A) 0 ® L -4 © L +4 o & @r:2013)

T—X
Sol. : 1 = j(x2+10g x] cos x dx

_ _

2 2
x
2

I =2j x2cos x dx + 0
0

mT—Xx

mj is an odd function.)

(. x2 cos x is an even function and cos x - log (

S vla

5
[ =2 [x2 sin x] — [(2x sin x) dx
0

T
2 )

2 TET —2(=xcos x)§ +2[ 1+(—cos x) dx
0

=2 {TETZ— 2[ sin x]g} =2 [TETZ— 2} = (%2_4) Ans. : (B)




(72)

(73)

X
The intercepts made on X-axis by tangents to the curve, y = J | | dt and which are parallel to

0
the line y = 2x are equal to ......... .
(A) 1 (B) £2 (C) =3 (D) £4 (JEE :2013)
X
Sol. : Here, y = J | t| dt
0
dy _ _
L= xp 1= ]x]
Now, if the tangent is parallel to the line y = 2x, the slope of the tanget = the slope of the line
|x|=2
x=x2
+2 2 2 2 -2 0 2 0
oy Tl -2 i< [£] 2 Tovi - Frae 2] -2
0 0 0 0 -2 -2

Required points are (2, 2) and (-2, —2) and slope = 2
The equations of the tangents are (y —2) =2(x —2)and y + 2 = 2(x + 2)
Now, for x-intercept, let y = 0,
0—2=2(x—=2)and 0 +2 =2(x + 2)
x==1 Ans. : (A)

(A) T —4 B) 2L —4-4J3  (C) 43 -4 (D) 443 -4-Z
(JEE : 2014)
T
Sol. : 1 =] ,/1+4sin2§—4sin§ dx
0

I
OS—3a

2
(1—2sin£) dx

2
T
= | |1—2sin§ dx
0
3 X T X
= | (1—2sm5) dx — | (1—2sm?) dx
0 :
I s
=[x+4cos%]3—[x+4cos%
0 3




(74)

= (4J§—4—%)

(3+45)-0r0)] - [[rs-40)

3
[ 2cosec x)!7 dx = ...
y
log(1+J5) 10g(1+J§)
@ ] e eniod N A
0 0
log (1+J§) log (1+w/5)
© ] e O ] 2o
0 0
7
Sol. : 1 = [ (2cosec x)!7 dx
vy

217 (cosec x)16 cosec x dx

Bla S—a

Let cosec x + cot x =t

dt
cosec x + cot x

—cosec x dx =

—dt
1

. cosec x dx =

1
t+7=2cosecx

x=%2>l=ﬁ+landx=%:>t=1

Let t = e = dt = e du

t=1:>u=Oandt=\/5+1:>u=log(ﬁ+l)

[ =— ? e du
log (W2 +1)

log (w/z +1)

-

2(et + e7)10 gy

Ans. : (D)
(IIT : 2014)
Ans. © (A)
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4 2
75 | __lbex — dx = ...
2 log x“+log (36 —12x + x7)

(A) 2 (B) 4 ©) 1 (D) 6  (JEE:2015)

log x?

d
log x*+log (36 — 12x + x?%) *

n
=
—
—
Il
N—

log x?

I
N—

log x>+ log (6 — x)*

2log x
2log x+2log (6 — x)

Il
N—

log x
log x+ log (6 — x) ~

®

—
Il
R—

log (6 — x)
log (6 —x)+log x

—
Il
N—

(i)
Adding (i) and (ii), we get,

4 4
A =] lde=[x]. =2

> 2
I =1 Ans. : (C)

: Questions With More Than One Correct Answer :

n n n—1 n
(76) If S, = k2='1 Tk g2 and T, = kfz,l Tk £ k2 Where n=1,2, 3, then,

(A) S, < % B) S, > % ©) T, < % (D) T, > % (IIT : 2008)

. . n n
Sol. : §, < lm S lim

n— oo n— oo kzz‘l n2+nk+k2




I
S

r 1
1
1 x+5
[ . ﬂ
2 0

I
s+

T
S, <3J§

n—1

Now, z £ (kh) > I F(x) dx > h 2 f(kh)

T
77 If 1, J SMAX e w=0.1.2. 3. then,
“p L+ 7)) sin x

10
A 1L=1.,, (B 2112n+1=10n (©)
m=

T
__sinnx
—— dx
(1+TC ) sin x

sin (—nx)

T
ot (1+7 ") (—sin x)

sin nx
1 + 1 - dx
1+t 14+mt | smx

(Replacing x by a + b — x)

(Adding (i) and (ii))

 (A), (D)

10
ZIZm:O (D) In:In+1
m=1

(IIT : 2009)

®

(ii)
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n

1 sin (n+2) x — sin nx
Now, I, ., — I, Zj e dx

—T

dx

T
J 2sin x +cos(n+1) x
-7

1
2 sin x

I
J cos (m+ 1)x dx
T

{ﬂﬂﬁiﬁ 0

(n+1)
In+2_1n
h=hL~=1 =1y

10 10
Yy IZm =0and Y, IZm 4 = 10T Ans. : (A), (B), (O)
m=1 n=1

b
1
(78) If f'is continuous and non-decreasing on [a, b] and f(a) > 0, then 77— j f(x) dx has

a

(A) maximum value f(b). (B) minimum value f (a).
: : f(a)
(C) maximum value bf (b) (D) maximum value 37—

Sol. : f(x) is continuous and non-decreasing function.

fla) < f(x) = f(b)

b b b
[ f@ax<| f)yax <[ fb) dx

b
f@ <5 | £00) dx < Fb) Ans

a

-+ (A), (B)
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(79) The values of o which satisfy | sin x dx = sin 20, oL € [0, 27] are ...... .

Nl?l —Q

“a % ®) L © X (D) 4L

Sol. : sin x dx = sin 20

wla—QQ

—[cos x](:: = sin 20
2

—[cos O. — 0] = sin 2QL
2sin OL cos 0L + cos OL. = 0
cos O 2sino+ 1)=0

cos =0 or sinoc=—%

an
)

VP

o and(x=7‘c+%,2ﬂ:—£

6

, 3, I8 IO Ans. : (A), (B), (C), (D)

ola

(04

80) If 1, =] tan"x dx, then

O—ir|a

1 1
(A) In+1n—2:n—1 (B) In+1+1n—lzz

1 1
©) 71 <21 <3 =7{,wherene N,n>1 D) A,,,+)(r+1D)=1

Sol. : tan"x dx

el
3
Il
Oo—r|a

tan™ = %x (sec?x — 1) dx

—
S
Il
O—r|a

tan” ~ %x sec’x dx — tan” ~ %x dx

|
N}
I
O—r|a
o—kr|a

L+1, =% (1) (A) is true.
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@81

Now, replacing n by (n + 1) in equation (i),

In+1+1n—1: n

Now, replacing n by (n + 1) in equation (ii),

Loyt =%
s+ DA LTy =]

Now,0<x<% = 0<tanx < 1

2

n+2 X

tan x < tanx < tan™ ~

..(ii) (B) is true.

..(iii)

(D) is true.

tan"x + tan t 2x < 2 tan"x < tan’x + tan" ~ %x

s

O—i|a

L+, <2l <L +1, _,

n

1 1
n+1 <21, <%
(C) is also true.

I

(J) xf(sin x) dx = ......

(A) gff f(sinx)ydx (B) & TJt f(sin x) dx
0 0

L=

0

x f(sin x) dx

(T — x) f(sin (T — x)) dx

—
I
O—3a

(T — x) f(sin x) dx

Il
S—3a

T

Il
o—3a

]
Il

T ) f(sinx)dx—1

OS—34

)
—
Il

T ) f(sin x) dx

oO—3

f(sin x) dx

[a—
Il
TP
O—3

4
(tan"x + tan” ¥ 2x) dx <2 | tan"x dx <
0

(tan’ + tan” ~ 2x) dx

O'*—-Jkl;l

(From (i) and (iii))

Ans. : (A), (B), (O), (D)

T T

Om T f(sinx)yde (D) T j. f(cos x) dx
0 0

T f(sin x) dx — J x f(sin x) dx
0

956




=% . 2£ f(sin x) dx
I =mx _2[ f(sin x) dx (C)
0
L =7 | f(cosx) d (D) Ans. : (A), (C), (D)
0

: Assertion and Reason Type Questions :

Explanation : Each of these questions contains statement 1 (Assertion) and statement 2 (Reason).
Each question has four choices, option (A), (B), (C) and (D), which are as follows. You have to
select the correct choice.
(A) Statement 1 is true, statement 2 is true. Statement 2 is the correct explanation for statement 1.
(B) Statement 1 is true, statement 2 is true. Statement 2 is not a correct explanation for
statement 1.
(C) Statement 1 is true, statement 2 is false.

(D) Statement 1 is false, statement 2 is true.

3+4x°)d
( x)dx =4s/§tan_11

(82) Statement 1 : =
2—cos(|x|+%) 2

|
wp Tl

a 0, If fis an odd function,
Statement 2 : [ f(x) dx =

—a

2 Jf(x) dx , If fis an even function,
0

H

A j (3+4x7) dx
n2—cos(|x|+%)
3

il il
3 3
3 3
= j dx + j 4x dx
2—cos(|x|+%) 2—c0s(|x|+£)
_x _E 3
3 3

%
1=2 3 dx + 0
g 2—cos(|x|+%)

3dx
2 — Cos (x+%)

p—
Il
[\
o—w|a




2du 1—u’
L: = = =
Let, tan 5 = u So, dt T+ 2 cost T
=1 7 a I = V3
V3 du
I—12J; Lt 32
Vel

—4J_ [tan™! 3u]l
=

=443 [tan™'3 — tan™ 1]
3-1

= 4\5 tan™! (m)

= 4J§ tan™! (%)

Statements 1 and 2 are both true and statement 2 is the correct explanation of statement 1.

Ans. : (A)
2
X
(83) Statement 1 : If y(x) = J cos x - cos/B d0, then @ T at x = TT. (x>0
2 1+ sin’ J_ dx
16
b(x)
Statement 2 : d J f(t) dt = f(b(x)) ———= d(b(x)) — f(a(x)) % (a(x))
L ¢ y(x) = xf cos X cosJ_
4 2 1+ sin® J_
16
d x? coss/g d x J_
Do inx [ —EENE 0 + cos x L | o8 do
dx 2 1+ sin2 6 dx g 14 sin® J6
1 16
2
* cos x
= —sinx | _cosf8_ do + (—2) - 2x - cosO
n_21+szn2J_ 1+sin” x
1
. dy
Now, if x = T, then =— =0 + 2T
dx
dy _
It =27
Statement 1 is false and statement 2 is true. Ans. : (D)
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1

I
@@&mmmhﬁbzhkwwmmmﬁzﬁ
0 11

Statement 2 : If u(x) and v(x) are differentiable functions, then J udv=uv— J v du

(1 —x)HM agx

Il
O

Sol. : I

(1 = x3)(1 — x)10 dx

I
O

(1 = xH)10 gy — [ x5 (1 = 510 gy

I
O

y1=y0+j§(1—ﬁﬂWeﬁﬁdx

(1 ) 1 l 5y11

_ 1
=l — 35 Iy
(1+Z) 1, =1,
. I—O = &
"I, 5
Statement 1 is false and statement 2 is true. Ans. : (D)
3
2
-1 X" +1
(85) Statement 1 : J{mn 7 +ian } dx =T
14 x? X
1
Statement 2 : fan” x + cor 'x = Tzc and tan~lx = cor! i, x>0

——— W

3
Tax=L ] =3 G-D=m

Statement 1 and statement 2 both are true and statement 2 is the correct

explanation of statement 1. Ans. : (A)
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oo 1
(86) Statement 1 : If n > 1, then J _[ —_— (Improper integral)
0

0 1+ x" (- n)n
b b
Statement 2 : J f(x) dx = J fla+ b —x)dx
a a
T _dx
Sol. : Let I, =
0 “th (J) 1+ x"
Let, x? = tan®0. So, n - x"~ 1V dx =2 tan® sec?0 dO
2tan sec’0 dO
dx =
n xn—l
. 2tand sec>0 doO
n x"
2 2tan® sec’0 dO
=tann® ————5—
n tan®
2_
= % l‘an(" l) 0 sec?0 40
x=0:>9=Oandx=oo:>6=%
z 2
2 &
I, =] é-tan(" l)e-de
n
0
z 2
2 =1
Ll =2 (j) (tane)(” ) a0 @)
1
Now let I, = J
0 (1—x" )”
Let x" = sin’0 So, 1 —x" =1 — sin*p = cos*®

L 2
(I =xM" = (cosh)”
Whenx=0=¢=0andx=1= 06=1%

Lodx = % sin(%_l)(b cos® do
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(87)

(88)

7
-2 J(tanq))%_l o =1,
0

I, =1

Statement 1 and statement 2 both are true but statement 2 is not the correct explanation

of statement 1. Ans. : (B)
10®

Statement 1 : J | cos x| dx = 20
0

b
Statement 2 : If | f(x) dx 2 0, then f(x) 2 0, Vx € [a, b].
a

107w T
Sol. : _[ | cos x| dx =IOI | cos x| dx
0 0
I
2
=20] cos x dx = 20
0

Statement 1 is true. Statement 2 is false. Because correct statement is ‘if f(x) = 0 in

b
[a, b], then | f(x) dx = 0. Ans. : (C)
Note : If f(x) =x2—3x+2=(x — D(x - 2)
fx)<0ifxe (1,2)

3
3 3 2
[(x2-3x+2)= [%—%ﬂx}
0

(=)

—(9-Z+6) =2 >0

jud
Statement 1 : If g(x) = J:; (sin®x + cos®x) dx, then % < gx) < %
Statement 2 : If m and M are the smallest and greatest values of a function f(x) such that
m < f(x) <M, then m(b — a) < ? f(x) de < M(b — a).
a
Sol. : f(x) = sin® + cos®
= (sin®x)> + (cos?x)’

2

= (sin*x + cos*x)® — 3 sin®x cos*x

= —i .2
| S sin 2x
Now, 0<sin?2x <1
> _3 2 >_3
0= S sin 2x 2 )
3 < _3 29, <
T S~ sin 2x<0

<13 29 <
4_1 4sm2x_1
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bid
(%_0) % < T (Sil’l6x + cos6x) dx < (%—O) -1
0

% < gx) < % by statement 2.

Statement 1 and statement 2 are both true and statement 2 is the correct

explanation of statement 1. Ans. : (A)

(89) Statement 1 :

ala =
+
]
)
~
]
&
|
sl

Statement 2 :

ala S——wla
&,\
&
&
I
sl

%
, _ f (0 dx .
Sol. : Let, I i oo+t (%_x) ()
6
S 5 N
L R e ]
6
j rE-) ..
I = dx (i)
) f(F-x) s
G

Adding (i) and (ii), we get,

r_=

21 = 3 o

1 dx = [x]

c\lzl '—.ul:]
c\l:l wl:\
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=I I
21—6. So, 1 >

Statement 2 is true.

_ 1 _ \sin x
Now let f(x) —H_m NEENTE

. _ Jsin x
S = 1/c0sx+\/cos(%—x)

f@de=1%

c\lzl '—.wl:]

Statement 1 and 2 are true and Statement 2 is the correct explanation of statement 1.

Ans. : (A)
100
(90) Statement 1 : J (x — [x]) dx = 50, where [x] denotes greatest integer function.
0
Statement 2 : If f(x) is a periodic function with period T, then
nT T
[ fo) dx=n] f@x) dx.
0 0
Sol. : If the function f(x) is a periodic function with period T, then
nT T
[ fo)dx=n] f@x) dx.
0 0
Statement 2 is true. (Property of periodic function)
100 100(1)
Now, | (cx=[xDdx= [ (=[x d
0
1
=100 | (x — [x]) dx (Period of x — [x] is 1)
0
1
=100 | x dx ([x] = 0 in [0 17)
0
1
2
=100 {’ﬂ
0
=100 X 5 =50

Statement 1 and 2 are true and Statement 2 is the correct explanation of statement 1.
Ans. : (A)
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